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Many production quantum programming languages represent hybrid quantum computations by extending a
classical base language with a quantum effect, where qubits are addressed by reference, and quantum operations
are understood to mutate some external quantum state. However, the semantics of this view of quantum
computation remains underdeveloped, especially when the language allows mid-circuit measurements and
non-termination.

In this work, we provide a general method for building denotational semantics for such languages, by
defining the quantum orchestra monad, which precisely captures this style of quantum effect. The monad has
a concrete presentation, being based on the formalism of quantum instruments, a common tool in quantum
information theory for capturing the action of a quantum process along with its classical outcomes. It acts on
the category DCPO, and so enables the interpretation of divergent hybrid programs.

The quantum orchestra monad serves as a natural extension of both the classical state monad and the
probabilistic powerdomain monad. We investigate some of the subtleties present when trying to naively
extend these definitions to the quantum non-commutative case.

1 Introduction

The field of quantum computing is quickly progressing from small scale experiments in physics labs
to increasingly capable industrial quantum computers. As these systems grow in scale, the software
used to control and program them is becoming correspondingly more complex. This motivates the
development of mathematical models that are both expressive and conceptually clear, supporting
the design and analysis of modern quantum programming languages.

Traditionally, quantum programs have been expressed using the circuit model [12]: a static list
of quantum gates is applied sequentially to an input quantum state, which is then measured at
the end of the computation. While the semantics of circuits are well understood and their static
nature makes it possible for them to be heavily optimised, programming directly in terms of circuits
provides little support for programs that adapt their quantum behaviour in response to intermediate
measurement outcomes.

More recently, there has been increased interest in hybrid quantum programs, which combine
quantum operations with classical computation and control flow (see for example IBM introducing
classical registers in OpenQASM 3 [10], Quantinuum’s HUGR [30], QIRO [22] which is used in the
Pennylane toolkit [4], and QIR [37]). This hybrid functionality is essential for describing many
aspects of quantum computing, including variational algorithms [8], measurement-based quantum
computing [38], repeat-until-success circuits [1], error mitigation [48], qubit teleportation [13],
iterative phase estimation [18], circuit knitting [36], and quantum error correction (e.g. [40]).

At a high level, many such languages follow the quantum random-access machine (QRAM)
model of quantum computation [29]: a classical host program dynamically controls a quantum
processor, issuing quantum commands and observing the outcomes of measurements. This view
is particularly natural for languages that extend a classical base language with operations for
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yielding Q(Y).

Fig. 1. Sequential composition of quantum instruments. A fixed composition of ¢ € Q(X) with & € Q(Y)
cannot express measurement-dependent control. The relevant operation is Kleisli composition, composing &
with a continuation f : X — Q(Y).

manipulating quantum state, such as Guppy [31] and Silq [5]. In this setting, the classical program
manipulates references to quantum resources whose underlying state evolves as the computation
proceeds.

Despite its practical importance, the denotational semantics of this QRAM-style programming
model remains comparatively underdeveloped. Unlike static circuits, hybrid quantum programs
combine ordinary classical computation with effectful interaction with an evolving quantum state.
Each interaction with the quantum processor may both update the quantum state and return
classical information to the host program, which can then influence the rest of the computation.
The challenge is to model this interaction compositionally while accommodating richer features of
the classical host such as recursion.

A simple example is the reset operation on a single qubit, which maps every input state to |0).
Operationally, reset can be implemented by measuring the qubit and then conditionally applying
an X gate if the outcome was |1):

RESET :=let b = MEAS(q) in { if bthen X(q) }

This program exhibits measurement feedforward: a classical measurement outcome determines
which quantum operation is performed next. Although the quantum state transformation induced
by measurement can be described by a single channel acting on the quantum system, the program
itself cannot be modelled by simply composing such channels, because the choice of the next
channel depends on the classical outcome of the previous interaction.

The standard mathematical formalism for this kind of classical-quantum interaction is the
quantum instrument. Intuitively, an instrument assigns to each possible classical outcome a corre-
sponding quantum state transformation. It therefore records both parts of an interaction with a
quantum processor: the classical information returned to the host program, and the effect of that
interaction on the quantum state.

This also explains why we require a monadic composition for instruments—see Fig. 1. If £ € Q(X)
is an instrument with classical output X, then the next step of the program need not be a fixed
instrument & € Q(Y). Rather, it may depend on the observed outcome x € X, and is therefore
described by a function f : X — Q(Y). Sequential composition of hybrid quantum computations
is thus Kleisli composition: first run &, observe its classical output, and then continue with the
instrument selected by that output. The reset example above is the simplest instance of this pattern:
the result of measurement determines whether the subsequent operation is the identity or the X
gate.

We argue that quantum instruments are the fundamental primitive of QRAM-style quantum
programming, and give rise to a natural computational effect: pure computations are classical, while
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(a) Quantum orchestras capture precomposition (b) The orchestra can access all interfaces of k, but
with a quantum instrument. channels slide along the H-wire on the right.

Fig. 2. Two graphical depictions of the action of a quantum orchestra £ on a continuation k.

effectful computations interact with the quantum processor through instruments. In fact, we take a
further step: we consider not only programs which condition on the results of measurement, but
also those with general recursion, whose termination is dependent on the results of measurement.
We capture this effect by generalising quantum instruments to our quantum orchestra monad over
directed complete partial orders, obtaining domain-theoretic semantics of hybrid quantum-classical
programs.

Concretely, the quantum orchestra monad supports:

e arbitrary unitary evolution of a quantum state;

e mid-circuit measurement and measurement-dependent control flow;

e general recursion, via a fixpoint combinator obtained by defining the monad over the
category DCPO of directed-complete partial orders;

e qubit allocation, by presenting the monad as a parameterised strong monad [3] over the
category W* of von Neumann algebras and quantum channels.

To demonstrate the utility of our monad, we give denotational semantics for a prototype hybrid
language. Rather than tailoring the semantics to an existing language, we develop the language
throughout the paper, incrementally adding common hybrid features, and demonstrating in turn
how each of these features is modelled by the monad. This presents the quantum orchestra monad
as a flexible tool for giving semantics to a variety of hybrid languages, rather than a model for one
specific language.

Remark. While quantum evolution is frequently thought of as a forward-progression of quantum
states in the Schrodinger picture, it is oftentimes algebraically elegant to adopt the Heisenberg
perspective in which quantum channels pull measurements backwards. The design of the quantum
orchestra monad heavily draws inspiration from this paradigm and represents computations in
continuation passing style, pulling continuations backwards through quantum instruments. For finite
classical outcomes, quantum orchestras act on continuations, as expected, through precomposition
with a quantum instrument (Fig. 2a). Clearly, the treatment of unbounded loops however requires
the generalisation to infinite classical outcomes. In this case, the action of quantum orchestras
becomes slightly more intricate (Fig. 2b), while retaining desirable features such as compositionality
with subsequent computations.

Related work. Existing approaches to the semantics of hybrid quantum computation differ in how
classical control and quantum effects are integrated. Measurement has been treated as an algebraic
effect over combined quantum-classical programming language [45], added as a classical effect to a
purely quantum programming language [20], and monadically without a denotational semantics [2].
Quantum processes have been given categorical models, such as Selinger’s CPM construction [43],
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which models mixed-state quantum evolution and measurement via completely positive maps in
dagger compact categories, or Huot and Staton’s result showing that the category of completely
positive trace-preserving maps is a canonical completion of the category of isometries [21]. The
quantum lambda calculus [44] uses linear logic to model hybrid quantum computing. Monads
have been used to describe circuit-generation in Quipper [19], and extended to allow mid-circuit
measurement [39, 42]. In contrast, we model quantum computation itself as a monadic effect over a
purely classical language, using quantum instruments directly as the denotational structure. Closest
to our work, Jia et al. [23] describe an extension of the probabilistic fixpoint calculus by quantum
effects, using the theory of Kegelspitzen [28] to link the classical part of the language modelled
using a valuations monad, and the quantum part modelled with von Neumann algebras.

Similarly to the monad proposed in this paper, there exist other recent works [6, 15] that construct
monads based on quantum instruments. While our monad acts on DCPO and can thus be seen as
a non-commutative quantum generalisation of the probabilistic powerdomain monad [24], their
monads act on Meas, the category of measurable spaces, and are therefore closer to generalisations
of the classical Giry monad [17]. The previously proposed monads could hence not directly serve
to give semantics to recursive programs. Interestingly, however, all of the constructions, including
ours, coincide in the special case of finite classical outcomes.

Outline of this paper. In Section 2, we recall the necessary background from the literature
regarding operator algebra, domain theory, and the study of quantum instruments. Section 3
then introduces our toy language by adding quantum effects successively to a pure classical base
language, while introducing quantum instruments as the natural tool to model its semantics. At the
core of our contributions, Section 4 eventually presents and discusses the Quantum Orchestra Monad
on DCPO as a way to model diverging quantum programs, with proofs of its well-definedness and
of the monad laws given in Section 5. We conclude with Section 6 which clarifies connections to
other known constructions, discusses future extensions to the current work, and discusses some
open problems.

2 Background

Operator algebras, and in particular von Neumann algebras, are a well-established and standard
tool in the mathematical description of quantum information and its physical evolution. While
it is largely equivalent to the usual Hilbert space formulation, its power, especially in infinite-
dimensional settings, will become apparent later on. The strong order-structure of von Neumann
algebras, as witnessed by Theorem 10, will be one of the main pillars of our results. In the following,
we give the most important definitions and known results about W*-algebras and their order-
theoretic structure for our purposes.

2.1 Wr-algebras
A C*-algebra is a Banach =-algebra & that satisfies the C*-identity:

Vaed. |laa*| =llalllla"]

A W*-algebra (also known as von Neumann algebra) is a C*-algebra &/ which admits a topological
predual /.. The weak-" topology induced on & by the functionals in &/, C (&/,)* = o/* is also
called the ultraweak topology. A C*-algebra is called unital if it contains an identity; in this work,
all C*-algebras (including W*-algebras) are assumed to be unital.

Example 1. Given any Hilbert space #, the W*-algebra B(H) is the algebra of bounded linear
operators on . It plays a particularly important role as the algebra generated by all measurement
effects on H. Many of the W*-algebras used in this work will be of this form.
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The set of self-adjoint elements of &/, i.e., all a € & that satisfy a = a*, forms a partially ordered
vector space where a > 0 if and only if a = b*b for some b € & (this order is referred to as the
Lowner order). The set o/ ¥ = {a € o | a > 0} of positive elements of & forms a convex cone.

Definition 2. Let &/, 9 be W*-algebras, ® : B8 — & be a linear map, and @™ its n-th matrix
amplification. Then @ is called

(1) normal (n) if it is ultraweakly continuous;

(2) positive (P) if ®(b) > 0 for all b € B*;

(3) completely positive (CP) if & is positive for all n € N;
(4) unital (U) if &(1g) = 1y4;

(5) subunital (SU)if ®(1g) < 14.

Proposition 3 ([9]). The exists a symmetric monoidal category W .po;; where the objects are W*-

algebras, the morphisms are normal completely positive subunital (nCPSU) maps, and the monoidal
structure is given by the spatial von Neumann tensor product (see [41, Definition 1.22.10] for a full
definition). In the following we will also denote this category simply as W*.

Whereas the reader might associate quantum channels in the Schrédinger picture with completely
positive trace-preserving (CPTP) or completely positive trace-non-increasing (CPTNI) maps, it
will be convenient to switch to the (dual) Heisenberg picture in which trace-non-increasingness is
replaced by subunitality. In this sense, one might think of the category W*°P as the category of
quantum channels.

Example 4. Two particularly important channels are the identity and the zero channel. Given a
W*-algebra &, the identity channel on & is given by the identity map on &, and denoted id. It is
normal, completely positive, and unital. For W*-algebras &/, &, the zero channel from & to % is
given by the nCPSU map 0gy : B — o, b +— 0.

Example 5 (Isometric quantum channels). Let V : H{ — K be an isometry. Then the channel
V:B(K) - B(H), M- VMV,

is normal, completely positive, and unital. It is often convenient to obtain quantum channels in this
way. Common examples include unitary channels (when V is a unitary), see Section 3.2, and qubit
allocation, as used in Section 3.4.

For a detailed introduction to W*-algebras beyond these basics, we refer to [41].

2.2 Directed complete partial orders

We refer the reader to [9] for a more detailed discussion of the order structure of W*-algebras.

Definition 6 (Directed complete partial order). Let X be a set and < be a partial order on X.

(1) A subset Y C X is called directed if for all x,y € Y there exists z € Y such that x,y < z.
(2) X is called directed complete if every directed subset has a supremum.
(3) X is called pointed if it has a least element L.

In the following, directed complete partially ordered sets will be abbreviated as dcpo.

Definition 7 (Scott-continuity). Let X, Y be dcpos and f : X — Y. Then f is called Scott-continuous
if it preserves the suprema of all directed subsets. All Scott-continuous functions are monotone, i.e.,

f(x) < f(y) whenever x < y.

Definition 8 (Category of dcpos). There is a category DCPO whose objects are dcpos and whose
morphisms are Scott-continuous maps.
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Theorem 9 (Kleene fixed-point theorem [46, 47]). Let f : X — X be a Scott-continuous function on
a pointed dcpo X. Then f has a least fixed point fix f given by

fixf =sup, f"(L).
Moreover, the function fix : (X — X) — X is itself continuous.

Theorem 9 is an essential and well-established tool to give meaning to diverging programs,
and one of the reasons why domain theory became an important field of study for denotational
semantics.

For W*-algebras &, 98, we define a partial order < on the maps in W*(%, &) by letting ® > ¥ if
and only if ® — ¥ is completely positive.

Theorem 10 ([9]). Let of, B be W*-algebras. Then, W* (B, of ) with the partial order < is a pointed
dcpo with the zero map as its least element. In fact, the category W* is DCPO-enriched.

2.3 Quantum instruments

Measurements differ from ordinary quantum evolutions in that they produce both a quantum
output and a classical outcome. In the Heisenberg picture, this means that, rather than a single
normal completely positive subunital map describing the transformation of observables, one has
a family of such maps indexed by the possible outcomes. Each map describes the transformation
of observables conditional on a particular outcome, while their sum recovers the unconditional
evolution obtained by disregarding the measurement result. This leads to the notion of a quantum
instrument.

Definition 11 (Finite quantum instrument). Let X be a set and &/, 8 be W*-algebras. Then, a
(finite) quantum instrument from & to 3 is a collection of normal completely positive subunital
maps {¥y : B — I }xex such that only finitely many maps ¥y are non-zero and such that 3 . ¥y
is subunital.

We interpret the set X as the set of possible measurement outcomes. In the concrete case where
o =B(H) and B = B(H’), each map ¥, : B(H’) — B(H) pulls back observables on the output
system H’ to the input system H. Given an observable A € B(H’) and quantum state p € B(H).,
p(¥x(A)) describes the conditional contribution of outcome x to the unconditional expectation
value Y cx p(¥x(A)) of A when the measurement result is discarded. In particular, ¥, (1) is the
effect associated to outcome x, since p(¥, (1)) is the probability of observing x.

Definition 12 (Dirac quantum instrument). For any x € X and ¥ € W*(%, &), we define the
Dirac quantum instrument (x, ¥) as

¥, ifx=x,

0, otherwise.

0(x,¥)y = {

We record the following straightforward fact about finite quantum instruments.
Lemma 13. All finite quantum instruments are finite sums of Dirac instruments.

Going beyond the finite-outcome case, quantum instruments with continuous classical outcomes
have been formally defined and extensively studied in a measure-theoretic context [6, 11, 15]. In the
context of domain theory however, while a form of quantum instrument has been considered in the
finite case [9], this work is the first to give a description in the case of infinite classical outcomes,
to the best of the authors’ knowledge.
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2.4 Monads

Monads are a central tool for understanding effectful computation, functions which have side effects
capturing behaviour other than returning a value. They have been used both as a semantic tool and
internally to programming languages to embed effects in pure languages. We recall their definition.

Definition 14 (Monad). A monad is a triple (T, n, ), where T is an endofunctor on a category C,
the unit # is a natural transformation from the identity functor on C to T, and the multiplication u
is a natural transformation from T2 to T subject to the usual laws.

Instead of giving a multiplication operation, monads can be defined in terms of Kleisli extension,
which maps a morphism f € C(X, T(Y)) to a function f . C(T(X),T(Y)). Given the extension, the
multiplication is given by px = id)ﬂ(, and given the multiplication, the extension can be recovered
by f¥(x) = ux(T(f)(x)). When C is monoidal, monads can also be equipped with a strength ,
a natural transformation such that for X, Y € C, zxy : X @ T(Y) — T(X ® Y). Such monads are
called strong.

Strong monads capture many common computational effects; throughout the paper we will refer
to the writer monad W (X) = X X M for some fixed monoid M, the state monad S(X) =S —» X X S
for a fixed state set S, the continuation passing style (CPS) monad C(X) = (X — Ans) — Ans for
a fixed set Ans, and the probabilistic powerdomain monad (see [24]). For further discussion on
monads we refer the reader to Perrone [35].

3 Toy Language

Throughout the following section, we will develop a toy language for hybrid quantum-classical
computation (introduced in Section 3.1), slowly adding various quantum features as effects. In par-
allel, we describe a denotational semantics for each language, which we slowly adapt to incorporate
each feature, motivating the final definition of the quantum orchestra monad.

In Section 3.2, we add the ability to trigger the execution of unitary quantum gates on a fixed
quantum space, creating a circuit description language whose terms can be understood as classical
functions which print out a circuit. In this language, qubits are references by a fixed finite set of
constants, which have predefined meaning in the quantum space we are manipulating.

In Section 3.3, we add measurement. As the program can utilise the (classical) outcomes of
measurement, it no longer produces static circuits for each input, instead exhibiting non-trivial
hybrid interactions. In this section we will show how each program can be modelled by a quantum
instrument, crucially describing how these instruments can be composed.

Next, we add the ability to allocate fresh qubits in Section 3.4. This allows the size of our
quantum state to vary throughout the computation, and requires the addition of non-constant qubit
references. We semantically model this by moving to a parameterised monad in the style of Atkey
[3], where computations are parameterised by their input and output quantum spaces.

Lastly, in Section 4 we move our model from sets to directed-complete partial orders, allowing the
addition of fixpoints combinators to our toy language. In this section we finally give a full definition
of our quantum orchestra monad, and the associated operations that can be performed on it.

3.1 A Pure Classical Base Language

All variants of our toy language are built on the same classical foundation. Our presentation closely
follows Kammar et al. [25] (following [33, 34]), who use a similar language to study a computational
effect. In particular we have types given by the following syntax:

X,Y 5= 1| X XY |bool | X > Y
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x:XeTl It?o;: X IF't?o,:Y F't?o0:XxY Frt?o:XxY
T x: X Fr+?():1 T+° (v,09) : X XY [+ fsto: X IF+°sndo:Y
Ix:X+e:Y TH v: X
I' +? True : bool T +° False : bool Tt Axe: X > Y I+ returno : X
T'rée : X Ix:Xtey:Y Tre : X Tréey:Y
TF'réletx =ejiney: Y Tre;;ep: Y
TtPo: X > Y Tl oy : X I'+% v : bool IF'tée : X Ftéey: X
T 01(v): Y I' ¢ ifothenejelseey : X

Fig. 3. Typing rules for the classical fragment of the toy language

Although we foresee no difficulties with their inclusion, we omit more general sum types, including
just a boolean type which is necessary to describe the classical outcomes of measurement.

The language is a form of fine-grain call-by-value lambda calculus [33], and as such we split
its terms into values, terms which do not compute and can be bound to variables, and expressions,
terms representing computations which may trigger effects. Values and expression are respectively
given by the following grammars.

v == x| ()| (vg,0z) | fsto | sndo | True | False | Ax.e

e == returno | letx =ejiney | e;;ez | v1(vy) | ifvthene; else e,

As with the types, we have not included all possible constructions, but just enough to exhibit
non-trivial behaviour and interaction with our quantum effects. For example, we do not include a
case matching/pattern matching construction for products, instead relying on projections. We do
however include a “let” binding, even though it can be emulated with A-abstraction and application,
in order to increase the legibility of our example programs. We also include e ; e, the sequential
composition of expressions, as a simplification of the “let” binding for the case where e, does not
require the value produced by e;.

Our typing rules are split into two judgements: T’ +° v : A for valuesand I +¢ e : A for expressions.
While they are standard, we include them in Fig. 3, as we build on them throughout the following
sections.

We give semantics to this language in a standard way. First, a semantics [ X] is given to each
type X, which denotes the possible closed values of that type. The semantics of an (open) value
T +? o : X will then simply be a function [[o] : [T] — [X], where:

[t Xo o oxn : Xl = [2G] % X [Xa]

and we let p, € [X] be the component of x for x : X € T and p € [[T].

We could give semantics to expressions in the same way, but this would not extend to the
effectful computations of the following sections. We instead suppose that we have an effect given
by some strong monad T on a cartesian closed category C, and then the semantics of an expression
I' +¢ e : X will be given by a function:

[ell : [T] — T[X]]
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Essentially, an expression of type X, produces a value of type X and effects governed by T. Of
course, one could instantiate T as the identity monad to obtain a semantics for the pure language
above. Equipped with this, we can now give semantics to each type:

[11 =10} [XxY]=[X]%[Y] [bool] ={True,False}

A (closed) value of type X — Y then represents a function that takes a value of type X, and returns
an expression of type Y, and so should have semantics:

[X - Y] =[X] — T[Y]

The semantics of values in context I is then standard:

[x1(p) = px [(01,02)11(p) = ([o1]l (o). [02](p))

[0 =0 [fsto]l(p) = m([o](p))
[True](p) =True [sndo](p) = m([o](p))
[False[(p) = False [Ax-e]l(p)(px) = [ell(p. px)

where m; and m; are the projections from the product. The semantics of each expression is also
standard and can be given in terms of the monad operations (where 7 is the unit, 7 is the strength,
and extension of f is given by fﬂ)

[returno] = [[F]] [[X]] LN TIX]

[letx = erines] = [F] 2L, rp s ] 2220 7prp < x 225 vy
Levseol = [T 120, prgse g 2550 7(ry x| 22 7r]
Ll 1y
[os (o)1 = [11 22, (1x7 — 71D % [XT - TV
[ifothen er else es] = [T] Y, [bool] x [T] =~ [r] + [r] L2, rpxq

where (f, g) is the universal map into the product, and [ f, g] is the universal map out of the sum.

3.2 A Classical Language with a Quantum Effect

We begin our investigation of quantum effects by augmenting our classical language with a side-
effect for performing unitary quantum operations, allowing it to describe (parameterised) circuits.
As is common for describing pure quantum computations, we reduce the problem of describing all
possible unitaries we could want to describing a fixed gate set. To describe which qubits each gate
is applied to, we add a type qid of qubit references:

X,Y :::|1|X><Y|bool|X—>Y

Our quantum gates are then simply functions which take some number of qubit references as input
(corresponding to the number of qubits the gate acts on) and return unit. To introduce terms of
type qid, we add a set of constants [ € Q to the language, which index a fixed quantum state. These
constants have the following typing rules:

qeQ Ge {HS,XT}
T'+%q:qid T’ G:qid > 1 I+’ CX:qid x qid = 1
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We emphasise that gates do not compute without being applied to their qubit arguments, so
all appear as values. When they are applied to a sequence of qubit references, these operations
are understood to mutate the quantum state referenced by those variables as a side effect. In this
presentation we have chosen to use the universal Clifford+T gate set, but this could be substituted
by any reasonable alternative, including those parameterised by booleans (classically conditioned
gates) or angles (e.g. RZ gates), though doing so would require the addition of angle types to the
language, which we avoid for simplicity.

Example 15 (Swap gate). Consider the following circuit implementing the swap gate:

4D
3

D D
U €

This can be naturally implemented as a function in this toy language:
F 1q.CX((fst g, snd q)); CX((snd g, fst q)); CX((fst ¢, snd q)) : qid x qid — 1
Such a function could be applied in the same way as a primitive gate.

3.2.1 A Unitary Effect. To extend the semantics of Section 3.1 to accommodate the new features of
this section, we must instantiate the monad T describing the effect, and give an interpretation of
each new type and term constructor. At this stage, all our effect can do is generate some unitary
evolution as the program progresses. We will assume that that these unitaries act on the space H
consisting of exactly the qubits present in Q:

7{=®Cz
0

For a choice of qubit ¢ € Q, each single qubit quantum operation U € {H,X, S, T} then induces
a unitary U, which applies the gate to the given qubit. Pre-empting the following sections, we
instead associate to the quantum operation the map:

Ug(M) = U MU,

which is a complete positive unital map from B(H) to itself. The interpretation of CX raises an
interesting question. If the two qubit locations passed to the operations are distinct, then we can
proceed as before, letting CX, 4, be the appropriate map on B(H), but what should we when the

qubit references are the same, that is what do we assign CX, 4?7 One option is to enforce that this
can never occur at the type system level (as done in Guppy [31]). In this paper, we can instead “fail”
at runtime by letting:

CXgq =087
Such a map is not unital, yet is still subunital, and so we are able to assign a subunital operation to
every quantum operation for every choice of arguments.

An expression I' ¢ e : X produces some value of type X, and also applies some evolution to the
quantum space, and so its semantics is the function:

[ell : [T] — [X] x W*(B(H), B(H))

And so by comparing the with the denotation of expressions in Section 3.1, we can see that the
monad T should be given by the functor _x W*(B(H), B(H)), which is the writer/printing monad
(see e.g. [35, Example 5.1.14]) with the monoid structure on W*(8(H), B(H)) being given by
composition and the identity map.
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At this stage, with the restricted form of our qubit references, we can simply set [qid]] = Q, so
that closed qubit references is given by one of the constants. Concretely, we have [¢q] (p) = ¢. All
that remains is define the semantics of each gate, which is given below:

[G1(p)(q) = (0.Gy) for G € {HX.S, T} [CX](p)((1,92)) = (), CXgy g,)

where each of these is a function [T] — Q' — {()} x W*(B(H), B(H)) where i = 2 for CX and
1 otherwise, which we derive by expanding the semantics of types and the definition of the monad.

Example 16 (Classically Controlled Unitaries). A classically controlled X gate can be given as the
following function, where q € Q:

conNDX := Ab. if bthen X(q) else return ()
As a closed term, this function has a denotation of the form:
[conpX] : bool — {()} x W*(B(H), B(H))

and a calculation shows that True is sent to ((),)Tq) and False is sent to ((), id).

3.3 Instrumenting Effects Between a Classical and Quantum Computer

To achieve more interesting hybrid interaction in a quantum programming language, we must be
able to perform quantum measurements and be able to interact with their classical output. To do so,
we extend our toy language with an additional function Meas that takes a qgid and returns a bool:

[ +? MEAS : qid — bool

Here, MEAS implements measurement of a single qubit in the computational basis. Computational
basis measurement has two possible outcomes, |0) and |1) to which we associate to the classical
outcomes {False, True} = bool. Given that our previous semantics already utilised quantum chan-
nels, it may seem like we already have the tools necessary to model this measurement operation.
Unfortunately, while the previous semantics can model the action of measurement on our quantum
space, it does not model the classical outcome obtained. We recall the reset example from the
introduction.

Example 17 (Reset). The reset channel maps all states to |0). As in the introduction, this can be
performed by first measuring a qubit, and then applying an X gate conditioned on the measurement
result. This is realised by the following program, where we let ¢ € Q as in Example 16:

RESET = let b = MEAS(q) in cONDX(b)
Crucially, the outcome of the measurement is used as an argument to the classical conditioned X

gate, and so the semantics of this channel cannot be realised by simply composing channels.

To model this action we move from quantum channels to quantum instruments, as introduced in
Section 2.3. A quantum instrument assigns a quantum channel to each potential classical output,
with the each component giving the evolution of the quantum state if we had postselected for that
classical output, and the subnormalisation factor giving the probability of receiving that output.
More concretely, for the computational basis measurement we have the instrument:

S(False, [0X0|) + 8(True, [1X1])

where ¢ is the Dirac quantum instrument and we recall that for a linear map V, we define the
channel V(M) = VIMV. We note that the combination of the components is subunital as required:

(0)0[ + [IX(11) (1) = [0X0] 1[0X0] + [1X1] 1 [1X1] = [0X0] +|1X1] = 1
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such an instrument is exactly the tool we need to give semantics to our language with measurement,
as it captures both the quantum effect and the classical outcome of the operation. We will therefore
define the semantics of this language by letting the monad T be given by Q, where Q(X) is the set
of quantum instruments on our fixed quantum space H with classical outcomes X. We then define:

[mEas] (p)(q) = 5(False, [0X0],) + 5(True, [1X1],)

where as in the previous section, the subscripted g refers to map which acts as indicated on the
given qubit, and acts as the identity on all other qubits. We must also be careful that our quantum
operations from the previous section still have an interpretation in the new monad, but this is
immediate from the following.

Remark 18. A quantum instrument on the set {()} is precisely a quantum channel: every channel
¥ gives rise to an instrument d((), ¥), and every instrument on {()} is of this form.

3.3.1 Composing Quantum Instruments. All that remains to complete our semantics is to show
that Q is actually a monad. Critically, to make sense of programs whose effects are governed by
quantum instruments, we must define what it means to compose these instruments. Recalling Fig. 1,
the required composition is the monadic composition depicted in Fig. 1c, where an instrument
& € Q(X) is composed with a Kleisli map f : X — Q(Y). We defer a full description of the monad to
Appendix B, partially as it a stepping stone to the full quantum orchestra monad given in Section 4.
Here we instead describe the action of each monad operation on Dirac quantum instruments, which
is sufficient for building intuition.

The unit of the monad is already represented as a Dirac instrument, with nx (x) = §(x,idg(#)).
Intuitively, this instrument does not effect the quantum state, and could be drawn as:

X
d(x,1d) . = . .

Now we consider the monadic composition of a Dirac instrument d(x, ¥) and a Kleisli map f :
X — Q(Y), given by f#(8(x, ¥)). We can again depict this graphically:

X Y s

f = f(x)

H w.w | H

and we see that the y component of f#(8(x, ¥)) is given the y component of f(x) composed with
¥ (recalling we work in the Heisenberg picture). The full definition of the monad in Appendix B
implies that this action can be extended by linearity to all finite quantum instruments, despite Dirac
decompositions not being unique.

With the definition of the monad, and the semantics of the new constructor, we have a full
description of the semantics of this iteration of the toy language. We can now return to the reset
example and calculate its semantics. For simplicity, we will assume we work in the single qubit
space, that is Q = {q}. We are then in the following situation:

" 6(x,9)

1 bool 1

o RESET = = » S(False, |0X0|) + 6(True, [1X1]) | _, | coNDX e
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We can now calculate the component of each side for () € [1]:

[reseT] = [conpX ] ([ MEas])
= [conpX]|* (5(False, [0X0]) + 8(True, [1X1]))
= [conpX ] #(5(False, |0)0])) + [conpX]* (§(True, [1X1]))
=10X0| o [ conpX] (False) + 11X1] o [conpX] (True)
=0X0] o id +[1X1] 0 X
= J0X0[ +Jox1]

where we have omitted the arguments for the semantics of the empty context and for taking the
appropriate component, as both are singleton sets. From this is it clear that our program for reset
is semantically identical to the true reset channel in the Heisenberg picture we are working within.

3.4 Allocating Qubits

So far, our programs have all operated on a fixed quantum space governed by a set of constants Q.
While this aligns closely with hardware, it forces the programmer to calculate how much memory
is needed, or dually, to know how much memory is available on their target hardware. Ideally, the
programmer should be alleviated of this concern, and be able to request new memory when needed
through a new function arroc : 1 — qid.

To accommodate this in our semantics, the quantum space our instruments act on must be contin-
ually updated throughout the computation. Further, it should be possible for quantum instruments
to have different input and output spaces. We achieve this by generalising our construction to a
parameterised monad (see Atkey [3]), Q(, B, X), where X is the set acted on by the monad, with
o and 9B being the input and output W*-algebras. The monad operations work similarly to before,
with the constraint that the input and output spaces must align when appropriate. We include full
details of the parameterised construction for finite instruments in Appendix B.

Now that we are able to paramaterise our effect, the natural question is where to get the input and
output parameters from. To address the second of these questions, we adapt our typing to track the
number of qubits allocated by an expression using a grading, reminiscent of graded type-and-effect
systems [16, 26, 27]. The function type is replaced with a graded set of function types:

X-,Y

and the judgement for expressions is given by I' +¢, e : X. The updated typing rules to accommodate
these grades are standard, and are given in full in Appendix A. We highlight the rule for the if
statement, and the new rule for ALLoC:

T+ o : bool Trep: X THoep: X

T+ ifothene;elseey : X I +% ALLoC : 1 — qid

The arroc function allocates exactly one qubit and returns a references to this new qubit, which is
tracked in its type. The rule for the if statement enforces that both expressions must allocate the
same number of qubits, ensuring that the total allocation is static. This allows us to determine how
much larger the output parameter should be than the input.

Determining the input space is complicated by the fact that an expression could be run in a
variety of quantum spaces, sometimes within the same program. To remedy this, we define the
semantics of a term in all possible quantum spaces, much like how the semantics of a term is given
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in semantic contexts. The semantics of an expression is then given by a function:
[ellm € DCPO([T]m. Q(B(H™), BIH™"), [X]m+n))

and is defined for every number of starting qubits m, with the final space having m + n qubits. We
have chosen here to also parametrise the semantics of types over natural numbers, allowing us to
define:

[qid]m =10,...,m—1}

ensuring that qubit references are always “in scope”. To define the semantics of “let”, we now
require an inclusion function ir ' : [T — [T ]l for m’ > m. Doing is not entirely trivial,
requiring the semantics of types to be given as:

[X —n Y]m =V¥m' > mDCPO([X ], QB(H™ ), BIH™ ™), [Y ] m+n))
ensuring that [X —, Y], € [X —, Y] for m” > m. Finally, we have:
[aLLoc] . (p)(u) = 8(m, V) where V(v) =0 ® |0)

recalling that V(M) = VI MV. We emphasise that the action of ALLoc depends on the size of the
input quantum space, both for the quantum channel and the returned qubit reference.

Example 19 (Bell pair allocation). The following expression +5; GHZ : qid x qid allocates a
(two-qubit) Bell pair:
BELL := let q; = aLroc(()) in{H(q1); let g2 = arroc(()) in{CX(q1, g2); return(qi, g2) } }

The returned qubits references depend on the size of the quantum space this program is executed
in. In general we have:

[BELL] s = 8((m, m + 1), $) € Q(B(H™), B(H™?2),{0,...,m + 1}?)

where ¢(v) = v ® %(|00) +[11)). We note that the inclusion igid,mm+1 is used to include the
returned qubit reference from the first ALLoc into the set {0,...,m + 1}.

This restricted form of static allocation through graded types is of course not the only form that
allocation could take, though we choose the form as we believe it best showcases the parameterised
nature of the monad. An alternative to our ArLLoc function could be a construction:

Fa:qidre: X

I+ ancillagine : X

which allocates an ancilla qubit, executes the expression e in the larger space, and releases the
qubit afterwards. Such behaviour could also be captured by our parameterised monad (though this
would only ever need invocations of the monad where the input and output space are the same).
Finally, a more flexible allocation method could be modelled by fixing a single infinite dimensional
W*-algebra instead of parametrising, utilising that the monad is defined for all W*-algebras, and not
just the finite dimensional ones we have used so far. We believe that with the appropriate algebra,
the monad could support the allocation operation above without the need to enforce that it is only
used statically, allowing it to appear in conditional statements, and even loops (see Section 4).
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4 Modelling Diverging Quantum Programs

To model programs with both quantum effects and divergence, we extend our finite instrument
monad of the previous sections to a “Quantum Orchestra” monad Q on the category DCPO. We
motivate this by investigating a repeat-until-success circuit [1].

Example 20 (Repeat-Until-Success). Let U be some unitary we want to perform on H, and suppose
we have a (closed) computation ¢ C : bool with a single classical boolean output such that:

o if the classical output is False, then the quantum state of H remains unchanged,
o if it is True, then U is performed on the state.

A repeat-until-success circuit performs the evolution U by repeatedly running the computation C
until a True outcome is observed. We can model this in our setting as follows: the semantics of C
can be given by the following instrument, where p is a fixed probability of observing True:

[C]: Q(B(H), B(H),2)

[C]l = 8(True, pU) + 8(False, (1 - p) idg(41))
We then define the repeat until success circuit recursively by:

RUS = letb = Cinif bthenreturn () else RUS
A standard method to solve this recursive equation is through a fixpoint:

RUS = fix Ar.let b = Cinif b thenreturn () else r (())
where r : 1 — 1. Using our instrument monad, we could calculate (up to the isomorphism):
[Ar.letb = Cinifbthenreturn () elser(())] : O(B(H), B(H),1) — Q(B(H), B(H),1)

but could not in general take a fixpoint of this function. By extending the monad to DCPO, assuming
the function above were monotone we would be able to define:

[RUS] = fix[Ar.letb = Cinif b thenreturn () else r(())]
where it could then be proved that this program has the desired properties.

An immediate consequence of modelling divergence is that the finiteness condition on our
instruments is too restrictive: if we adapted the computation of Example 20 to return a counter
of how many iterations occurred, then the resulting instrument would clearly have non-zero
components for each natural number. This complicates taking the summations used to define the
monad multiplication. A second observation is that an appropriate ordering on instruments cannot
be given pointwise on components. Despite this ordering making the set of quantum instruments
a dcpo, it is too coarse: the unit of the monad is not continuous in this ordering as x < y would
imply that 5(x) is incomparible to n(y).

A potential solution to both problems, inspired by the probabilistic powerdomain monad [24], is
for instruments to have a component for each Scott-open subset (those that are upwards closed and
inaccessible from below), as opposed to each element, subject to the conditions of being a valuation.
Under this interpretation, the multiplication must then be defined by an integral construction,
and it must be shown that this integral construction is monotone. The techniques used in the
classical (probabilistic) case do not neatly transfer to our quantum case, and we will compare these
approaches in Section 6.

Instead of using valuations, we instead extend further to a continuation monad of “Quantum
orchestras”, where instead of having a component for each open set of a dcpo X, we have a
component for each continuous function X — W*(%, &/). Orchestras restrict to valuations, by
considering the components associated to indicator functions. Intuitively, the data of an orchestra
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is that of a valuation and a definition of integral for that valuation. Crucially, this allows the order
to be defined in a way that makes this bundled integration function continuous by definition.

We again define this monad as a W*°P-parameterised monad. We note that the resulting form of
the monad is very close to the continuation passing style monad, from which we inherit much of
the monad structure.

Definition 21 (Parameterised Quantum Orchestra Monad). We define the W*°P-parameterised
quantum orchestra monad Q as follows:
o Let o/, 9B be W*-algebras and X be a DCPO. Then elements ¢ € Q(of, 5B, X) are given by a
collection:

(& e W (X, o) | H € W*, k e DCPO(X, W* (X, B))}

satisfying:
— Continuity: For each # and &, the function

Mk.& : DCPO(X, W*(#, B)) — W*(H, o)

is Scott-continuous.
— Subconvexity: ¢ has a restricted form of linearity. Given 0, p € R* with 6 + p < 1 we
have for all k, K’ € DCPO(X,W*(#, %)):

Ex. 0k (x)+pk’ (x) = O&k + p&pr
- Compositionality: If y € W*(#’, %), then:

Exk(xyoy =&k o X

for all k € DCPO(X, W* (X, %)).
We define the ordering pointwise: £ < & if & < & for all k, where the ordering on
W*(H,RB) is given by the standard Léwner order. For a directed set A C Q(#, %, X), we
define its supremum by:

(sup A)x = sup{& | £ € A}

for all #, and k € DCPO(X, W*(#, %)), using that W* is DCPO-enriched (see Theo-
rem 10).

The action of the functor Q on ¢ € W* (A, o’), y € W*(AB’, %), and f € DCPO(X,Y) is
given by:

Qe U, Ok = ¢ © Exxcyok(£(x))
where k € DCPO(Y, W*(#,%’)) and ¢ € Q(H, A, X).
The unit nyx : X = Q(I, o, X) is given by:

Nax () = k(x)

for x € X and k € DCPO(X, W*(H, )).
The multiplication iy g zx : Q(A, B, A(RB, €, X)) — Q(A,E,X) is given by:

Mo, 3.%x(E)k = Epr.s

for k e DCPO(X,W*(H,€ ® &)).
The strength tx o gy : X X Q(H, B, Y) — Q(H,PB,X X Y) is defined by:

tx.a,%Y (% Ok = E1yk(xy)
for k € DCPO(X X Y, W* (¥, B)).
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In Section 5, we will prove that the definition above actually forms a monad, as we have claimed.
We next define the Dirac quantum orchestra, the analogue of the Dirac quantum instrument. As
each of the quantum constructors in Sections 3.3 and 3.4 were given in terms of Dirac instruments,
this construction allows us to immediately transfer their definition to the orchestra monad.

Definition 22 (Dirac quantum orchestra). Given x € X and ® € W*(%, &), we can define the
Dirac quantum orchestra 5(x, ®) € Q(A, B, X) by:

6(x, @) =D o k(x)

for all k € DCPO(X, W*(#, AB)). To show this is indeed a quantum orchestra, we first note that
continuity and subconvexity follow from suprema and subconvex combinations being defined
pointwise on the space DCPO(X, W*(#, %)), and from the composition of morphisms in W*
being continuous and linear. For compositionality, we have:

5(x, (D)/lx.k(x)O)( =®o k(x) ox = 5(3(, q))k ox
for y e W*(X', *) and k € DCPO(X, W* (¥, o)), as required.

We pause to consider the action of each of the monad operations on Dirac quantum orchestras.
Although it does not take an orchestra as an argument, it is immediate that the unit nyx(x) is
given by the Dirac quantum orchestra §(x,idy). Given x € X, ® € W*(%, ), ¢ € W* (A, A’),
Y € W*(B',B), and f € DCPO(X,Y), we have:

Q. ¥, [)(6(x, @)k =p ooy ok(f(x)) =5(f(x),poPoy)

for all k € DCPO(Y, W*(H,%’)). For the multiplication, consider ¢{ € Q(%,%,X) and ® €
W* (%, o). Then for k € DCPO(X, W*(#, %)) we have:

pa,2.%.x(8(8 @)k = 8(E,P)p gy = Do = Q(D,C, X) (O

We consider applying the strength to §(y, ®) where y € Y and ® € W*(%, &/). For x € X and
k € DCPO(X X Y, W*(X, B)):

x,a,2,Y (%, 6(Y, )k = 0(Y, Yy k(xy) = (X ® &) o k(x,y) = 5((x,y), Yk

Lastly, we consider the extension operation for this monad. We gave the monad multiplication
above to align with the known monad laws for parameterised monads, but can recover the extension

of f: X - Q(AB,6,Y) as:

QA BX) = QABY)  fHO) = paaey Q. B, f)(D)
applying this to a Dirac quantum orchestra §(x, ¥) € Q(«, %, X), we get:

FHO( D)) = a6y (QUA, B, )(8(x, V) = pazey (5(f(x), ¥) = Q(, B, Y)(f(x))
for a continuation k € DCPO(Y, W* (X, €)), we further calculate:

A = QY. B, Y) (f(x)k = ¥ o f(x)

We note the action of this monad on Dirac orchestras is entirely analogous to the action of the
finite quantum instrument monad on Dirac instruments, and therefore the examples and reasoning
from Section 3.3 embed into this setting. Much of this reasoning extends linearly to finite quantum
orchestras, finite sums of Dirac orchestras, though characterising the order on finite orchestras is
not trivial. We discuss finite orchestras in greater detail in Appendix C.
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We can finally now define the final version of our toy language. The only addition over the
language of Section 3.4 is the fix point operator, which has the following typing rule:

l"k”f:(l—mX) —0 X
T refix fo X

We may have expected to apply a fixed point to an endofunction f : X — X, but we note that
[X — X] =[X] — Q([X]) which is not suitable for taking a fixed point. If we had tried to
remedy this by applying the extension to this function, the resulting endofunction would be strict,
and hence its fixpoint would always be zero. In contrast:

[1-X) - X]=(1-QX) - QX)=QX) - QX)

and so is suitable for taking a fixpoint. We note that this form of the fixpoint operator is reminiscent
of the construction in Levy [32, Chapter 4], but with thunking replaced by functions from the unit.

For this language, we enforce at the type level that the function f performs no allocations, so that
we can statically know the output space of the computation. As the monad can operate on infinite
W*-algebras, we believe this is not a fundamental limitation, but we leave allocating within a loop
to future work. Recalling Theorem 9, it is now routine to give semantics to this new constructor,
which should take the form of a (continuous) function:

[fix £l € DCPO(IT], Q(B(H™), B(H™), [X]m))
and is given by the following composition:

[fix £ = [Tl 227 DCPO((1 = Q(BH™), BEH™), [X]m)). QUB(H™), BEH™). [X )

=~ DCPO(Q(B(H™), B(H™), [ X]m), Q(B(H™), B(H™), [ X]m))
2 QUBH™), BIH™), [X]m)

Crucially, the set Q(, %, X) is a pointed dcpo for any &/, B, and X, with the bottom element
being given by the the orchestra which maps every continuation to the zero channel, allowing us
to take a fixpoint. The semantics of all other terms can be defined analogously to before, but for
completeness we include a full description in Appendix A.

We end this section by recalling the repeat-until-success program RUS, and computing its
meaning. Let us assume that T +§ C : bool and for a given p € [T], we have:

[CTm(p) = 5(True, p0) + S(False, (1 - p) ids(pm)
for some unitary U on ™ and 0 < p < 1. Then, letting;
f=Ar.leth =Cinifbthenreturn() elser(())  RUS := fix f
we have (again up to the iso (1 — X) = X) by calculation that:
[f1m(p)(&) = 8(0). pU) + (1 - p)é
Now, it is clear that ([ f]m(p))"(L) = 8(0), (1 — (1 - p)")T), and so:
fix([fIm(p)) = sup, ([ f1m(p))™* (L) = sup, (0, (1 - (1 - p)")U) =8((),U)

as desired.
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5 Quantum orchestras form a strong parameterised monad

We prove that the quantum orchestra construction given in Definition 21 is well defined, leading
to Theorem 33 which states that Q is a strong W*°P-parameterised monad on DCPO with unit 7,
multiplication p, and strength 7. We begin by showing that the action on objects produces dcpos.

Lemma 23. Q(, %, X) is a dcpo.

Proor. As the ordering on Q(<, %, X) is pointwise on components, it is clear that it is a partial
order. To show the suprema are well defined, fix a directed set A C Q(of, %, X). We first show
supA € Q(H, %B,X):

e Continuity: Fix % . Then the function:
Ak.(sup A)g : DCPO(X, W*(H,RB)) - W* (X, )
is a supremum of functions {Ak.& | &€ € A}, each of which is continuous by the continuity
of £ Hence Ak.(sup A)g is a supremum of continuous functions, and so is continuous.
e Subconvexity: Let 0, p € R* with 8 + p < 1, and suppose k, k’” € DCPO(X, W*(H, %)).
Then:
(SUp A)px.0k (x)+pk’ (x) = SUPLENx.0k(x)+pk (x) | &€ € A}
= sup{0Z + p&i | & € A}
=0sup{i | £ € A} + psup{ér | & € A}
= 0(sup A)i + p(sup Ay
Where scalar multiplication by a positive number is continuous because scalar multiplication
by a positive number is a poset isomorphism. Similarly, adding a fixed channel is a poset
isomorphism, and so addition is continuous as it is separately continuous in both arguments.
e Compositionality: Suppose y € W*(Z’, *'). Then:
(sup M) axk(x)ox = SUP{&axk(x)oy | & € A}
=sup{k oy | £ €A}

=sup{fi [£€A}oy by continuity of o
= (supA)g oy
for all k e DCPO(X, W*(#, %)), using that composition is Scott-continuous [9, Proposi-

tion C.13].
Consequently, sup A € Q(H, A, X).

It remains to show that sup A actually is the supremum of A, as our notation has claimed. For
any & € A, we have & < sup{& | £ € A} = (sup A), and so &’ < sup A. Instead, assume &’ is an
upper bound for A. Then for all k and ¢ € A, § > & and so & > sup{& | £ € A} = (sup A)x and
so & > sup A. Hence sup A is the supremum of A and so Q(</, %, X) € DCPO. O

5.1 Q@ is a functor

The next two lemmas prove that Q is a functor W* x W*°? x DCPO — DCPO. Before proving the
equations for functoriality, we must first show that the action on morphisms produces a well-defined
function, and that this function is continuous (and hence forms a dcpo morphism).

Lemma 24. For¢p € W*(of, ),y € W*(%’, %), and f € DCPO(X,Y), the function Q(¢, V¥, f) is
well-defined and continuous.

Proor. To show this function is well-defined, we need that Q(¢, ¢, f)(¢) € Q(A’, B’,Y) for
£ e Q(d,RB,X). We check each condition in turn:
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e Continuity: Let K € DCPO(Y, W*(#, %’)) be directed. Then:
Q(¢’ ‘ﬁs f)(g)supK = ¢ ° §Ax.1//osupK(f(x))

= ¢ © Ex. sup{Yok(f(x))|keK} by continuity of o
= ¢ o sup{&ixyok(r(x)) | k € K} by continuity of &
= sup{¢ o Exxyok(r(x)) | k € K} by continuity of o

for all k, as required.
e Subconvexity: Let 0 + p < 1 and k, k'’ € DCPO(X, W*(H, %#’)). Then we need:
¢ © Enx o0k (£ () 4ok (f()) = (B 0 Laxyok(r(x)))
+p(¢ 0 Exx ok’ (F(x)))
but this follows from the linearity of o and subconvexity of &.
e Compositionality: Let y € W* (%', %'). Then we need that:
P 0 Exypok(f(x))ox = ¢ © Eaxpok(f(x)) © X
but this follows immediately from the compositionality of &.
To show continuity, let A be a directed set of orchestras and k € DCPO(Y, W*(#, /")). Then:

Q(d, ¥, f)(sup A)x = ¢ o sup{&rxyok(r(x)) | & € A}

= sup{¢ o Eixyok(f(x)) | £ € A} by continuity of o
= (sup{Q(4, ¥, /) (&) | & € A}),
and so Q(¢, ¥, f) is continuous. O

Lemma 25. Q is a functor from W* x W*°? x DCPO — DCPO.
Proor. We first check that Q sends the identity to the identity:

Q(idy, idg, idx) (O)x = idg 0&)x.idg ok (idx (x)) = &k

Suppose ¢ € W*(A, %B), ¢’ € W*(RB,€), y € W*(RB', A",y € W (€', RB’), f € DCPO(X,Y),
and g € DCPO(Y, Z). Then:

QY. 9(Q(. Y. ) () =" 0 ¢ 0 Enxyoprorg(rx))) = Q" 0 g Yoy g0 f)(E)

for all £ and k, and so the functor is compatible with composition. O

5.2 The unit is a natural transformation

We next show that the unit 7 is a natural transformation, whose components are morphisms
X — Q(d,9,X) in DCPO

Lemma 26. The unit n is well-defined, that is for o € W* and dcpo X that:
nax(x) € Q(, o, X)
forx € X, and that ngx is continuous.

PRrROOF. As ngx(x) is a Dirac quantum orchestra for each x, nyx is a well-defined function from
X to Q(H, o, X), so it remains to show it is continuous. Let D C X be directed, then:

Nex (sup D)i = k(sup D) = sup{k(x) | x € D} = sup{nux(x) [ x € D}
as required, where the second equality is from the continuity of k. O

Lemma 27. The unit 5 is a natural transformation.
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Proor. To show naturality of 7, we need naturality in X and dinaturality in &/. For the first we
require the following to commute:

X > Y

fl,lel \L’WY

Q(dt, o, X) 2LLD e, oY)

for f € DCPO(X,Y). We calculate:

Nay (f ()i = k(f(x)) = nax () ixk(rx) = QW A, f)(nax (x))k
for all x and k. For ¢ : W*(3%, ), the dinaturality condition is the commutativity of:

UVQ(&L LX) o)
X Q(st, B, X)

nax

(B.B,x) AP0

By again applying both sides to arbitrary x and k and expanding definitions, we get:
QA $, X)(arx (X)) = ¢ 0 k(x) = Q(¢, B, X) (n5x (%))

Hence, 7 is natural. O

5.3 The multiplication is a natural transformation

Similarly to the unit, we show that the multiplication is a well-defined natural transformation in
two parts, first showing that each component is a well-defined dcpo morphism:

Q(A, B, QRB,E€,X)) - QIA,E,X)
and secondly showing that the required naturality squares hold.
Lemma 28. The multiplication y is well-defined: for o/, 8,6 € W* and dcpo X, we have that:
Ha,2%x(E) € QA €, X)
forZ € Q(A, B,QA(RB, 6, X)), and the function gy g% x is continuous.

Proor. Suppose E € Q(A, B,Q(A,¥,X)). Then we must show iy z¢x(E) € Q(H,E, X).
For continuity, if K € DCPO(X, W* (%, 9)) is directed, then:
Het, 26X (E)supk = EXE £apic

= Esup{A&.&|keK} by continuity of &
=sup{Exs¢ | k € K} by continuity of =
= sup{pa,.z6x(E) | k € K}

as required. Subconvexity holds similarly. For compositionality, if y € W*(#"’, %), then:

Het 36X (E)dxk(x)oy = EAEErxrxroy = EAELroy = EAE& © X = P, 38X (E)k © X
as required, using the compositionality of each ¢ and =. Hence, 1 is a well-defined function. In
order to show that it is a continuous function we let A C Q(, B, Q(AB, €, X)) be directed. Then:
Hat,.6x(sup D) = (sup A)pz.g, = sup{Exzg, | E € A} = (sup{pa,s5.x(E) | E € A}k
for any k, completing the proof. O
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Lemma 29. The multiplication y is a natural transformation.
Proor. To show p is natural we need dinaturality in 98 and naturality in &, €, and X. We tackle
the naturality first, for which we need tho following to commute:

Q(A, B,Q(RB,6,X)) SZABVID ' B QB E',Y))

Hs/,@,%”,xl \Lﬂd’,gg,%/",y

Q(,%,X) @Y s Q' €' Y)

for ¢ : W*(L, "),y € W*(€’,%),and f : X — Y. For each E and k, we have:

Har 6,y (Q(P, B, QB Y, [))(E)k = ¢ © Edgtry yoriey = RSV, ) (3.5, x (E))k
simply by expanding definitions on each side. For dinaturality, let ¢ € W*(%B’, %). Then the
following diagram must commute:

7 ’ X
Q(dx&@(%”fw(d’ #. QA% X)) Het B, ,X

i

Q(A, B, QB ,C,X)) Q(A,6,X)

am,g,aw,% %x

Q(A, B,QARB,€,X))

Then again by expanding definitions we get:
o, 3% x(Q(A, B, Q(, G, X)) (E))k = Epg.got, = fat, . %x(Q(AL,$,Q(B', 6, X))(E))

for each = and k and so y is natural as required. O

54 Q is a monad
We can now show that Q does indeed form a monad.
Theorem 30. (Q, 7, 1) is a W**P-parameterised monad on DCPO.
Proor. We check each monad law in turn. The first unitality law states that:
Hat,B,3x © QA , B,ngx) =idQ (%)
Taking ¢ € Q(f, B,X) and k € DCPO(X, W*(H, %B)):
Het,3.8x (Q(A, B, x) () = QA B, nax)(O))ae &, = Exnax (o = &k

The second unitality law is py o % x © o Q(a,%.x) = idQ(w,%,x)- Taking the same £ and k we have:

Hatst,8.x (Nt @(at,%8,5) (E)k = NaQa,ax) (g e = Ek
The associativity monad law is the commutativity of the following diagram:

Het ,5,6.Q(€,2,X)

Q(A, B,Q(B,E,Q(€,D,X))) > Q(d,€,Q(%,2,X))
Q(d,%,p@ﬂg’ﬂg)x )\L lﬂ&f}é’,@,x
Q(d, B,Q(B,D,X)) Ha 59X > Q(A, D, X)

By expanding definitions on both sides we have:

o, 2.2x (QA, B, 1259x)(R) =Wjz5,,,, = has.9x(Pa55.062x) 8)k

for N € Q(A, B, Q(RB,€,Q(€,D,X))) and k € DCPO(X, W*(H, D)), and so the square com-
mutes. With these three laws proven, we have shown that Q is a monad. m|
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5.5 Strength of the monad
Finally, we show that the monad we have constructed is strong. Much like Sections 5.2 and 5.3, we
must first show that 7 is well-defined before showing that it is a natural transformation.
Lemma 31. The strength t is well-defined, that is:
tx.4.3y € DCPO(X X Q(A, RB,Y), QA, B, X xXY))
fordepos X and Y, and of, BB € W*.

Proor. We first show that tx oz v(x, &) € Q(H, B, X XY) forx € X and & € Q(H,RB,Y). Let

K € DCPO(X X Y,W*(H, %)) be directed. Then:
TX,&Z(,%’,Y(f)supK = g/ly.supK(x,y) = Sup{'f)ty.k(x,y) |k €K} = Sup{TX,yi,@,Y(g)k | k € K}
Subconvexity holds similarly: given 6, p such that 8 + p < 1 and k, k’, we have:
Tx,,B,Y (X, £) 220k (2)+pk (z) = EAy.0k (x,y)+pk (x.1)
=08y k(xy) T PEAYK (x.y) by subconvexity of &
= Atxa,8,y (%, Ok + prx.a,3,y (%, Ok
For compositionality, we have:
™X,,3Y (%, E)zk(z)ox = Edyk(xy)oy = Eyk(xy) © X = X238 (X, ko X
for y € W*(#', #) and k € DCPO(X, W*(#, R)), using the compositionality of £. Therefore,
x,a.3y(E) € Q(A, B, X X Y) as required.

To show tx g,.ay € DCPO(X X Q(,B,Y), Q(H, B, X X Y)), it remains to show that it is
continuous, for which it is sufficient to show continuity in each argument separately. First let
D C X be directed. Then for fixed & and k:

x,a,%,y (SUp D, )k = &1y k(sup D.y)
= Esup{Ay.k(d,y)|deD} by continuity of k
=sup{&iyk(dy) | d € D} by continuity of &
=sup{tx,a,zy(d. &) | d € D}
Now let A C Q(, %, Y) be directed. Then for fixed x and k:
7x,,%,y (X, sup A = (Sup Ay k(xy) = {2y k(xy) | € € A} =sup{zx gz y(x, &) | £ € A}k
by the definition of the supremum on Q(&/, %, Y). Hence, 7 is well-defined. m]

Lemma 32. 7 is a natural transformation.

Proor. Let f: X - X', g: Y > Y, ¢ : WL, '), and y : W*(%B’, B). Then the following
must commute:

fxQ(¢.4.9)
XXQ(A, B,Y) — X' xQ(A',RB',Y")
Tx,w,@,yl lrxf‘y,/vgg/'y/
Q(¢y.fx9)

QA BXXY) —> Q(A', B, X' XY
Forx e X, e Q(A,9%5,Y),and k € DCPO(X’ X Y, W*(H,RB’)), we get:

x5,y (f X Q(P, ¥, 9)) (%, E)k = ¢ © Eayyegok(f(x).9(y))
=Q(, Y, f x g (tx, 0.7 (x, )k

by expanding definitions and so 7 is a natural transformation. O
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Theorem 33. (Q, 1, p, 7) is a W**P-parameterised strong monad on DCPO.

ProoF. From Theorem 30, we have that (@, 7, 1) is a monad. It remains to prove the appropriate
monad laws for the strength. Letting 1 = {*} and Lx : 1 X X — X be the left unitor isomorphism,
we need:

Q(A, B, Lx) ° ti,a,3x = Las,2x)
For ¢ € Q(A, %, X) and k € DCPO(X, W*(H, R#)), we have:

Q(A, B, Lx) (11,0,3x (%, )k = T1,0,3.x (%, )z k(Lx (2)) = Enxk(Lx (1x)) = &k = La(a.3.x) (%, &)
For compatibility with the associator axyz : (X XY) X Z — X X (Y X Z), the following must

commute:

(XXY)XQ(A, B,Z) Do sz > Q(A, B, (XXY)XZ)

ax.y, B, Q(A, B,
XYQ(&LEZ)‘L idx X7y o,.%.2 TX, o BYXZ ‘L ( )
XX(YXQA, B,Z) —> XXQ(HA, B,YXZ) — Q(A, B,X X (Y X Z))

ForxeX,yeVY, (e Q(A,B,Z),and k € DCPO(X X (Y X Z), W*(H, RB)), we have:
9,8, vxz((dx X1y, 0.%.2) (ax,v,Q2.%2) ((64), )k = Eazk(x,(y.2))
= Q(A, B, ax,yz)(txxy.a,.32((x,Y), &)k
by unfolding definitions. For compatibility with the unit we need:
.o,y © (idx Xngy) = Naxxy
Givenx € X,y € Y,and k € DCPO(X X Y, W*(#, )):
.o,y (% Ny (Y)k = Nay Waykxy) = k(6 Y) = naxxy (%, Yk
Finally for compatibility with i we need the following to commute:

TX, o, BQ(BE,Y) QA B,tx %8%.Y)

XXQ(A, B,QARB,C,Y) — QA RBXXQA(RB,EC,Y) —> QA,B,QRB,EC,XXY))

lidx XHat BE,Y lﬂ,c/,(%,z/‘,xw

XxQ(d,8,Y) A6y s Q(el, €, X X Y)

So takingx € X, = € Q(A, B,Q(AB,6,Y)), and k € DCPO(X X Y, W*(H, F)):

Hat, 3.6 xxv (Q(A, B, tx.5.5.¥) (tx.a.3.038) (6 ENk = Eat &1y ke
= 1x.a.%.y (X fa.3%y(E))k

again by simply unfolding definitions on both sides. Hence, all of the monad laws hold and (@, n, i, 7)
is a W**P-parameterised strong monad. |

6 Discussion and future work

In this paper, we presented the quantum orchestra monad, which captures quantum side effects
by describing them as the most general form of physical evolution of quantum systems, subunital
completely positive maps on W*-algebras. As the monad acts on the category DCPO of directed
complete partially ordered sets, it naturally enables the interpretation of hybrid classical-quantum
programs, including those relying on unbounded recursion.

The quantum orchestra monad heavily draws inspiration from continuation passing-style monads,
in agreement with other monad constructions based on the quantum instrument formalism [6, 15].
This seems to indicate that quantum effects of programs are most naturally described in CPS,
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rather than in direct style. We leave the question whether a quantum orchestra-like monad with
direct-style flavour is possible for future investigation.

Order structure of quantum orchestras and W* (%, o ) -valued valuations. As hinted at in Section 4,
one main advantage of defining the quantum orchestra monad in CPS is the possibility of defining
the order of quantum orchestras pointwise for all continuations. Valuations that take values in some
W* (%A, o) can be seen as a direct-style alternative to quantum orchestras, and in fact orchestras
restrict to valuations, by considering the components associated to indicator functions. It remains
unclear how the pointwise order of these valuations however relates to the order of quantum
orchestras, as the former only “tests” on indicator functions as opposed to all continuations, and
thus has the potential to be insufficiently coarse to render integration continuous. Interestingly, it is
known that these two orders coincide in the case of scalar-valued valuations, a consequence of the
max-flow min-cut theorem [24]. While the additional lattice-structure of commutative W*-algebras
(their self-adjoint parts form in fact Dedekind complete Riesz spaces [14]) makes it believable that
an analogous correspondence might hold more generally for valuations and quantum orchestras
over commutative W*-algebras, thus allowing for continuous integration along valuations, we
leave this problem, as well as the more general non-commutative case for future research.

Relation to the probabilistic powerdomain monad. Given any X € DCPO, we observe that all
orchestras £ € Q(C, C, X) restrict to [0, 1]-valued valuations on indicator functions. Composition-
ality of quantum orchestras guarantees that this mapping is injective, and the pointwise nature of
the order of quantum orchestras implies that this mapping is continuous. The structure of such
quantum orchestras is thus entirely determined by the underlying valuations. Vice versa, any
[0, 1]-valued valuation on X yields a unique continuous integral for continuous scalar-valued
functions on X which indeed gives rise a full, consistent orchestra. Perhaps surprisingly, keeping
in mind that quantum orchestras were entirely defined in CPS, it turns out that the thus found
relation between the simplest quantum orchestras and probabilistic powerdomains is in fact an
isomorphism of monads. The full proof of this claim can be found in Appendix D.

Theorem 34. Q(C,C, ) and the probabilistic powerdomain monad V' are equivalent.

Note that the commutativity of the probabilistic powerdomain monad, which is equivalent to a
Fubini property of the valuations integral, has been an open problem since its discovery [7], and
thus this question also affects Q(C, C, —). Beyond this special case, Q(</, &/, —) is not commutative
for any W*-algebra &/ which is not equal to C, which reflects the fact that the composition of
morphisms in W*(¢/, o) is non-commutative, even if of is abelian. This perspective indicates that
the multiplication of the quantum orchestra monad implements a form of non-commutative integral.

Denotational semantics for existing languages. In this work, we have seen how the new quantum
orchestra monad could be used to give semantics for a prototype hybrid classical-quantum language,
exhibiting the monad’s versatility. This makes it a natural and flexible tool to further develop the
semantics of existing languages in the QRAM model. In this context, it would be interesting to
explore the possibility of accompanying orchestra-based denotational semantics with a compatible
operational semantics. We leave this question for future work.
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A Toy Language - Full Description

The final typing rules are given below. We first begin with the rules for values.

x:XeT F't?ov: X IF'tPoy:Y T o: X XY F't?ov:XxXY
F’x:X r+*(:1 I't+° (v,09) : X XY [0 fsto: X I'+t’sndo:Y
x: X+ e:Y Ge {H,S, X, T}
I +° True : bool I' +° False : bool TP Axe: X —, Y T’ G:qid —¢ 1
I'+? CX : qid X gid —¢ 1 I +? MEAS : gid —¢ bool I'+? aLLoc : 1 — qid

And then we have the rules for expressions.

F'r’o:X Ty o0 X Lx:X by ep:Y Tryoe: X Ty e Y
T +§ returno : X T byn, letx =ejine; Y T byen, €15€2:Y
TH v: X -, Y IF'tPoy: X T +° v : bool Troep: X T oep: X
T oo1(vy): Y [+ ifotheneselsee; : X

Fk”f:(l—n)X) —0 X
T refix f: X

The semantics for types are parameterised over the number of qubits available and are given by:
1] ={0} [XXY]m=0XTmX[Y]m [bool]l;n = {True, False}
[X =4 Y]m = ¥m' = mDCPO([ X > Q(B(H™ ), BIH™ ™), [Y ] mr+n))
[qid]» =A{0,...,m -1}
where we let H = C? and the semantics of contexts is given by:
[x1: X0, ooooxn Xl = [ Xa ]l X+ - X [Xn ]

We note that the definition of the function type is quantified over the number of qubits. This trick
allows us to define a function:

IX,mm' * I[X]]m - |IX]]m’

which can be extended from types X to contexts I'.
The semantics for a value I’ +? v : X is a (continuous) function:

0m € DCPO([T ]| m, [X ] m)


https://doi.org/10.2140/pjm.1955.5.285
https://doi.org/10.1103/PhysRevA.94.052325
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We define it for each constructor as follows:

[xlm(p) = pu [@1,2)Tm(p) = ([o1Tm (), [02]m(p))
[0Tm(p) =0 [fstolm(p) = m([o]m(p))
[True]n(p) = True [sndo]m(p) = m([o]lm(p))
[False]n(p) = False [2x.e]lm(p)(px) = [e]lm (trmm (p), px)
[H]m(p)(q) = 6(0), Hy) [T1m(p)(q) = 6(0), Ty)
[STm(p)(q) = 6(0.59)  [CXTm(p)((g1,92)) = 8((), CXg,.q,)
[XIm(p)(9) = (0, Xy [mEas]m(p)(q) = (False, OXO],) + 6(True, JIXT],)
[aLLoc]m(p) (u) = 8(m, V) where V(v) =0 ® |0)

where p, refers to the x'" projection from the semantics of the context, and we recall that for a
linear map f we define:

f=prffopof

and then use subscripts to refer to the qubits of /™ that this channel should target.
Expressions I' 4, e : X have semantics given by (continuous) functions:

[elln € DCPO([T [ m, QB(H™), BIH™™), [ X ] m+n))
The semantics for each constructor of expressions are given by the following composites:

0]m N8 (HmM)X

[return ol = [Tl <22 [X ] 22225, Q(B(H™), B(H™), [X]m)
[letx = eyines]m = [T]m
(rmmeny [ei]lm)
[T]imen, X QB(H™), BIH™ ™), [X]mn,)
[ Dty BOH™),BCH™ ), [X | iy

QB(H™), BIH™ ™), [T lman, X [XTmen,)

Lea]fm,
Q(B(H™), BIH™™ ) [Y | pims1my)
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where ' F;, e;: XandT,x: X+, ex: Y
Lese2]lm = [T]m
(rmmenys [e1]lm)
[T1men, X QB(H™), BIH™ ™), [X]mn,)
T sy BOHM ), BCEHP),[X L,
Q(B(H™), BIH™ ™), [T lmn, X [Xmsn,)
Q(B(H™), B(H™™), m)
Q(B(H™), BIH™ ™), [T m+n,)
Lealfnen,
Q(B(H™), BIH™ ™), [Y [ mtny4n,)
where ' F; e;: XandT,x: X +; ex: Y
[v1 (@) = [T]m
| @orTms Tozl)
(DCPO([X ], QIB(H™), BIH™ ™), [Y [ m+n,))) X [ X

leval
QB(H™), B(H™™), [Y]m+n)
whereT' F? 0 : X —, Y
[ifothene; elseex]m = [Tm
<ﬂ0]m’ 1d>
[bool] . X [T]m

~

[Tm + [T]m
[Lei]m. [e2]lm]
QB(H™), B(H™ "), [ XTm+n)
[fix flm = [T 1m
LA 1w
DCPO((1 = Q(B(H™), B(H™), [X]m)), QEB(H™), BIH™), [ X]m))

~

DCPO(Q(B(H™), B(H™), [ X]m), QIB(H™), B(H™), [X]m))
fix
Q(B(H™), B(H™),[X]m)
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where (f, g) is the universal map into the product, and [ f, g] is the universal map out of the sum.

B Finite Quantum Instruments are a Strong Parametrised Monad

In this section we show that the finite quantum instruments used in Sections 3.3 and 3.4 actually
form a monad.

Definition 35 (Parameterised Quantum Instrument Monad). We define the W*°P-parameterised
quantum instrument monad Q as follows.

o Let o and 9% be W*-algebras and X be a set. Then elements ¢ € Q(&/, %, X) are given by a
collection {& € W*(%, &) | x € X} such that:
— Supp(¢é) = {x € X | & # 0} is finite.
— Yxex &x is subunital.
e To show that Q is a functor W* x W*°P x Set — Set, we let ¢ : W*(of, B), ¥ : W*(B', '),
and f : Set(X,Y), and define Q(¢, ¥, f) : O(A, ", X) — Q(B, HF’,Y) by:

Q¥ N@y= D, $okoy
xef~(y)

for£ e Q(of, ', X) andy € Y.
e We define the unit nyx : X — Q(«, &, X) by:

nax (x) = 6(x,idy)

for x € X, recalling that § is defined as the Dirac quantum instrument.

o Let the multiplication py ge.x : Q(H, B, (%, 6,X)) — Q(H,¥,X) be defined by:

o, z8x(E)x = Z Beoly

£€Q(B.E.X)
for x € X.
o For completeness, we explicitly give the strength 7x o gy : XXQ(H, B, Y) — Q(H, B, X X
Y) by:

Tx,,8,Y (%, &) () = 6(x, &)
foreach x,x’ € Xandy € Y.

We use the multiplication instead of the Kleisli extension above to align more closely with the
laws of a parameterised monad. The extension of a map f : X — Q(%,6,Y) is given by:

£ 0(d, B,X) — Q(d,%.Y)
fh = pazey o Q(d, B, f)
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expanding out these definitions, we get:
f(©)y = ta,zwy(Q(L, B, ) (£))y
= > (B xy

X€Q(AB,6.,Y)

= 2 ( 2 fx)ox.u
XEQ(B.B.Y) \xef~1(x)
= Z gxo)(y
X€Q(AB,6.Y)

xef1(x)

= &0 flx)y

xeX

for £ € Q(, B, X) and y € Y, aligning with the extension given in the previous section.

Lemma 36. Ifx € X and® € W*(RB, &), then the Dirac quantum instrument 5(x, ®) € Q(, %, X)

is well-defined. Further, we have:

Q. ¥, f)(8(x, @) =6(f(x),podoy)
forf:X —Y,¢eW (o, o), andyy € W* (B, B).

Proor. The support of §(x, @) is {x} and so is finite. The sum of all the components is ®, which
is subunital by definition. Hence d(x, ®) € Q(f, B, X). Let f, $, and ¢ be as in the statement of

the lemma. Then:

QPP NI D))y= > $odx D)oy

x'ef1(y)
ooy ifxefi(y)
o otherwise

0 otherwise

:{¢oq>o¢ if f(x) =y

=0(f(x),po@oy),
for all y, and so the stated equality holds.
Lemma 37. Q is well-defined and a functor from W* x W*°P x Set — Set.

Proor. Firstly,

Q(idy,1dg, idx) ()« = Z idy ofy 0oidg = &

x €idy (x)

and so Q(idy, idg, idx) = idg(w,%.x)- Supposing ¢ : W* (L, B), ¢ : W*(RB', "), and f : X — 7,
we must show that Q(¢, ¢, f) is well defined. Specifically, for & € Q(, &, X), we have that:

Supp(Q(9. - NE) = {ye Y1}, . do&oy=of

< {y €vi erf*l(y) br # 0}
€ f(Supp($))
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and so the support is finite. Then:

D0 N®y= Y, oboy

yey yey
xef " (y)
=Y pokoy
xeX
=¢o (Z Eloy
xeX

which is a composition of subunital maps and so is subunital. Hence, Q(¢, ¢, ) (¢) € Q(%B, %', Y)
and so Q(¢, ¥, f) is well-defined.
If we further suppose that we have ¢’ : W*(B,6), ' : W*(€’,%’),and g : Y — Z, then:

QW V.9 QB )= D ¢ 00 )(E)y oy

yegl(2)
= > do( > ¢oao¢)ow
yegi(z) xef~(y)
= > §opotoyoy
yeg ' (2)
xef'(y)
= $ opobioyoy

xe(gef) ™ (2)
=Q(¢" g,y oy’.gof)(d).

and so Q is a functor. O
Lemma 38. The unit n is a natural transformation.

PRrRoOF. As 7 is a Dirac quantum instrument it is well-defined by Lemma 36.
To show naturality of 17, we need naturality in X and dinaturality in <. The first requires that
the following square commutes for all &/:

X > Y

’Mxl nay

O(et, o, X) 2L ot o, Y)

By Lemma 36, it holds that
O, 4, f(nax(x)) =, &, f)(6(x,idy)) = 6(f(x),idy) = nay(f(x)).

Showing dinaturality in &/ amounts to proving the following diagram commutes for ¢ : W* (%, &):

Q(‘d’ 'Q{’ X)
X Q(, B, X)
Tax 0($.%.X)

Q(%B, B,X)
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Letting x € X and again using Lemma 36:

Q. ¢, X)(nax (x)) = Q(A, $, X)(8(x,ide)) = 6(x, $) = Q(¢, B, X) (6(x,1d5)) = neax (x),

and so 7 is natural as required. O

Lemma 39. The multiplication y is a natural transformation.

Proor. For an instrument = € Q(, B, Q(AB, €, X)) and x € X, we have that iy % (E)x # 0
implies that there is & € Supp(E) with x € Supp(¢). Therefore,

Supp (ksme(E) € ] Supp(®),
£eSupp(E)

with the right-hand side being a finite union of finite sets. We then note that

Z Pt z%x(E)x = Z Egoéy = Z Ego (Z §x),

xeX §5QJ(C§?),(T€,X) £€Q(AB,6.X) xeX
and hence,
Yaaex@ee) = Y B(YEG9) < Y Ele) <1a,
xeX £eQ(BEX)  xeX £€Q(B,%.X)

where the second equality holds as ', cx & is subunital for each £ and the third holds as the sum
of the components of E is subunital.
We now require naturality in &/, €, and X, with dinaturality in 8. We treat each case separately:

e Naturality in X: We must show the following square commutes:

O(et, B,0(B.€,X)) LLLLECI (o, B,0(B.%,Y))

He{,gg,%,xl \Lﬂa/,%%‘y

O(st, %, X) QS s (. %.Y)

Take E € Q(, B, Q(RB,6,X)). Then for y € Y we have:
Hat, 3%,y (Q(A, B, Q(B, €, f))(E))y = Z Q(d, B,0(5,€, ) (E)g 0 &y

£€Q(B,E.Y)

= Z Eg/ (o] g/y
£eQ(%,6,Y)
&eQ(BE.£)71(&)

= Y 2o 0@ B NE),

E&eQ(%B,6.X)

= Z Ef’ ] g;c

xef(y)
&eQ(B,E.X)

= Z Mo, 3% .x(E)x
xef~1(y)
=Q(d,C, f)(pa,3%x(E)y

and so the square commutes.
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e Naturality in &/ and €: Suppose ¢ € W*(, ") and y € W*(6”, €), then the following

square must commute:

0(¢.%8.0(%.Y.X)) , ,
Q(d,%,Q(%,%,X)) —_— Q(‘Q{3‘%>Q(‘%:% sX))
ﬂd,&l?,%,x #d’,gi,%’,x
s ¥
(e, %.X) Loy > (.6, X)

Again taking = € Q(o, B, (%, 6, X)) and x € X we have:

Hap.%' x (Q(P, B, Q(B, Y, X)) (E)) = Z (¢, B, Q(RB, Y, X)) (E)g o &
&eQ(B,8 X)
= > (Y gom)s
EeQ(B.8'X) £€Q(BYX) (&)
= Z ¢OE§O§;
EeQ(AB,E.X)
EeQ(BYX) N (E)

= Z ¢OE§O§XO(//

£€Q(%,6.X)
= ¢) o ( Z E_f o gx) o ¢
£€Q(B,€.X)
=dopuyazxExoy

=Q0(4, ¥, X) (par,z.2.x (E))x

e Dinaturality in 9. Suppose ¢ € W*(%’, $). Dinaturality is the commutativity of the
following square:

Q(d, B, Q(H',6,X))

QW%@%ﬁi&///% \\\5@ZX

Q(A, RB,Q(H',€,X)) O(d,6,X)

O(4.B.OHF.X)) %X

Q(d, B,Q(A,€,X))
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With & € Q(, B',Q(%’,€,X)) and x € X:

par,5.%.x(Q(A, B, Q(h, €, X)) (E))x = Z (A, B,0(,%,X))(E)g 0 &

£eQ(RB,6.X)

= > ( > Eg,)ogx

{eQ(B.6.X) £eQ(4..X)71(8)

= Z Egr [ fx
£€Q(%.%.X)
§e€Q(.%.X)71(%)

= Z Eé:/ (o] ¢ o é'/;
&eQ(%,€.X)

= D Q4,0 CX)E)y ok,
&eQ(A,6.X)
= pg.z ex(Q(H,$,0(H',€,X))(E))x

Hence y is natural. o

Lemma 40. The strength t is a natural transformation.

Proor. We first note that Supp(zx.« 2y (x, €)) = {(x,y) | y € Supp(¢)}, and so is finite. The
sum of components of 7x o @ v (x, £) is equal to the sum of components of £ so is subunital. Hence,
Tx.a,3.y (%, £) is well-defined.

Now suppose ¢ € W*(A, "), y € W*(RB’,RB), and g € Set(Y,Y’). Then:

Q(¢, ¥, idx Xg) (tx,0,3,y (%, £)) (x',y) = Z ¢ o tx,w,3y (68 y) 0V
y'eg ! (y)
= ). $odnEy)oy
y'eg(y)

=5(x, ). $oly o)
y'eg ' (y)

=005, Q(4,¥,9) (O y)x

= tx,a,%.,y (%, Q(, ¥, 9) (§)) ()

and for f € Set(X, X’):

O, B, f X idy) (X a5y (6 Dy = D, Xatzy (6w
x"ef~1(x")

= D ke

x"ef1(x")
=Q(d, B, f)(6(x, &y))x
=8(f (%), §y)xr
=1x 0,3y (f(x), &) (xy)

where the second to last line is by Lemma 36 and so 7 is a natural transformation. O

Theorem 41. (Q,n,p,7) isa W* Op-parameterised monad.



Quantum Orchestras: a Concrete Semantics for Recursive Hybrid Programs 37

Proor. We begin with the monad laws for unitality. We must have py g % x 0 O(, B, ngx) =
idQ(g,%’X). Taking E S Q(.Qf, 93, X) and x € X:

1t 3.3 x QA B )= D, QA Bnax)(De o &,
& eQ(B,B.X)

= > &od
& eQ(B,BX)
x'enh (&)

= 3 b onax (@

x'eX

= é‘fx
Similarly we must have iy o % x © a0 (4.%x) = idg(«,%x)- Again for all £ and x we have:
Het,o,3X (N0 (at,3.%) (E))x = Z Nao(a,2.x)(E)e o &
& eQ(d,B,X)

idyof, =¥
0 otherwise

&eQ(%5,%,X) {
=&

For the associativity monad law, we need the following diagram to commute:

Hat ,B.€.0(€.2.X)

O(A, B,Q(%B,€,0(6,2,X))) > O(A,6,0(6,9,X))
O(A B.pzz,.9x )\L \Lﬂw,g,@,x
(A, B,Q(B,D,X)) el s O(, D,X)

Take N € Q(H, B, Q(B,€,0(€,9,X))) and x € X. Then evaluating the bottom left of the square

gives:

pet, 32X (Q(A, B, iz z.2x)(R)x = Z Q. % paz.9x)R)g o &
£€Q(B.D.X)
= Z Z NE © §X
£eQ(BDX) Bepgly o o (8)
Z Nz o &

£€Q(B,D.X)
Eeugy o x (&)

Nz o pzz,2x(E)x
2€Q(B.6.0(8.9.X))

NEO( > Egofx)

E€Q(%.%6.Q(¢.2.X)) £eQ(X)

Nz oEgo &,

2€Q(B.%.0(6.9.X))
£€0(6,9.X)
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and evaluating the top right gives:

Pt %.2.x (P, 5%.0%.2x) (N)x = Z 1ot 3.%,0(%,.2.x) (N)g 0 &
£€0(G.2.X)

- S s e
£€Q(€,9,X) E€Q(A,B,0(B,%,X))
= Z NzoEgoé,
E€Q(%.6,0(€,2.X))

£€Q(.2.X)

and so the square commutes as required.
For strength, we first show that it interacts well with 1 = {*}:

O(d, B, Ax) o Ti,g.3.x = Ao, 3,X)

Where Ax : 1 X X — X is the left unitor isomorphism. For £ € Q(«/, %, X) and x € X:

Qe BAx) (raax (6O = >, Taax(s

xeAZ (x)
T1,0,8.Xx (% &) (%)
=&

= Ao(a,3.x) (%, E)x

For compatibility with the associator isomorphism axyz : (X XY)XZ — X X (Y X Z), we need
the following to commute:

TXXY,d,.B.Z

(XXY)XQ(A, B,Z)

ax,Y,an@,Z)l ) lQ(M,%,ax‘yz)
idx Xty,0,%.2 TX,ol B,Y XZ

XX(YXO(A,RB,Z) —> XXQ(HA, B,YXZ) — Q(A, B, X x (Y X Z))

> Q(A, B, (X XY)XZ)

With ¢ € Q(A, B, Z), x,x" € X,y,y € Y,andz € Z:
x,0,%,Yxz (1dx X1y,0.3,7(ax,v,0(4,%.2) (X, Y'), ) (x.(4.2))

= x,a,3Yx2 (X', 1v.0.32(U ) (x,(4.2))

0 otherwise

_ {TY,M,&?,Z(Z/', Oy ifx=x

)& ifx=x"andy =y
“|o  otherwise

= TXxY,d,%,Z((xl’ y,)’ g)((x,y),Z)
=Q(A, B, axy.z) (txxv.a.82(x",y"), &) (x,(42))

For compatibility with the unit :

Tx o,y © (1dx XNgy) = Naxxy
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Taking x,x’ € X, and y,y’ € Y:

.o,y (X Ny (Y)) (x,y) =

Na.zy(y)y ifx=x'
0 otherwise

_)idy ifx=x"andy =y
o otherwise
= Naxxy (6 Y) (x,y)

Finally for compatibility with y the following must commute:

TX.d,B.Q(BE,Y) (A, Btx.5%3.Y)

X% Q(l, B,Q(B,EC,Y)) — O, B,X x O(B,E,Y)) — (A, B,0(B,€,X xY))

\Lidx XUl BE,Y \Lud,(%,??,Xx Y

XX Q(d,E,Y) DAY > Q(A, 6, X X Y)

Withx,x e X,yeY,andE € Q(#4,%B,0(AB,6,Y)):
o, 3.%.xxy(Q(A, B, tx.586.Y) (Tx,0,205%7) (X, E))) (x,y)

= Z O, B, tx,3%.Y)(Tx,9.30%5,y) (X', E))e 0 Exy)
£€Q(BB,XXY)

= Z Tx,,%,0(%%,Y) (X', E) (x.£) © E(x,y)
£eQ(H,8,XXY)
() ety oy ()

= Z wx,,3.0%6Y) (X, E) g © a6,y (X", &) (xy)

x"eX
EeQ(B.8.Y)
- Z X, A,B,Q(B.6,Y) (X,, E)(x,g}”) o gly
EeQ(AB,E,Y)
= Z§'€Q(%,‘€,Y) E.f’ o g(;/ ifx =x’
0 otherwise

_Npazzy(E)y ifx=x
0 otherwise
= 1x,a.2y(X, pa.3%Y(2) (x.y)

Therefore, (Q, 1, p, 7) is a parameterised strong monad. O

C Finite Quantum Orchestras

The collection of quantum orchestras introduced above is large, and it can be unwieldy to perform
calculations or define operations on it, motivating the search for well-behaved subsets of this
structure. We have already seen the Dirac quantum orchestra, which corresponds to a quantum
operations which always returns the same classical value. A natural extension is to consider the
quantum orchestras who have a finite number of possible outputs. We will see that these correspond
closely to quantum instruments.

Definition 42 (Finite Quantum Orchestra). Recall that §(x, @) is a Dirac quantum orchestra, and
let addition of quantum orchestras be given pointwise (when this is well defined). Then, a quantum
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orchestra is finite if it takes the form:
D 8(xi ¢1)
where xo, ...,x, € X and ¢y, ..., ¢, € W*(%B, &) such that:

Po(1) +--- +¢n(1) <1

that is ) ¢; is subunital. We write Q¢(&f, B, X) for the subset of Q(, %, X) consiting of finite
quantum orchestras.

The condition that }}; @; is subunital is clear necessary for being a quantum orchestra. Consider
k which maps everything to the identity channel. Then:

DG di = diok(x) =)

and so the right hand side must be subunital. It in fact turns out that this condition is sufficient to
be a quantum orchestra, meaning all finite quantum orchestras take this form.

Proposition 43. Letxy,...,x, and ¢y, ..., ¢, be as in Definition 42. Then,

D 8(xi ) € Qi B.X)

and so the finite quantum orchestras are exactly the sums of this form.

Proor. We must first show that the sum sends k € DCPO(X, W*(#, %)) to an element of
W*(H, o). Applying it to the unit 1 we get:

Z O(xi, i) (1) = (Z $io k(xi)) (1)

= > pilk(x:) (1))
i

< Z ¢i(1) as each k(x;) is subunital
i

<1 by assumption on the ¢;

Continuity is clear from the continuity of the Dirac quantum orchestra and the continuity of
addition. For subconvexity, let A, p > 0 with A + p < 1. Then for all k and k’:

Z (i, p)aksphr = Z A8 (xir $i)i + pS(xis i = A Z 8(xi, §i)k + p Z 8(xi, i)k

Lastly, for compositionality, suppose y € W*(F’, #'). Then:

Z 3(x;, ¢i)k(7)0)( = Z S(xi i) o x = (Z 3 (x;, ¢i)) ox

and so the sum is a quantum orchestra. O

We now investigate the action of the monad operations on finite quantum instruments. We first
consider the action of the functor. Let
D 8(xi 1)
i
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be a finite quantum orchestra. Suppose ¢ € W*(, A"), y € W*(%B’, %) and f : X — Y. Then:
Q. 9.f) (Z 5 ¢i>) =0 D 80 $ilyerrO))
i k i
=D $odioyok(f(x)
=D, 8 Gk odioph

and so Q(¢, ¥, f) preserves finiteness.
By definition, the unit of the monad always produces a finite quantum orchestra. The action of
the strength of the monad is also clear. Suppose x € X and that:

Z 3(yi» pi)

is a finite quantum orchestras in Q(&f, B, Y). Then:

X, A, B,Y (x, Z 3(y, ¢i)) = Z 3(yi, ¢i)k(x,_) = Z $iok(x,y;) = Z 5(x, yi)k
i k i i i

We now move our attention to the multiplication. Let I be finite and ¢; be a finite quantum
orchestras for i € I, each given by:

&= Z 8(xij, Yif)
Jeki
where x € X and ¢;; € W*(€, %). Further suppose:
D88 ¢0)
iel
is a finite quantum orchestra. Then we have:

Mot B.BX (Z 8(&;, ¢i))

= Z (& Pi)evs

k

= Z ¢ o evi (&)

= Z ¢i o Z & (xijs Yij )k

Jjeli
= Z Z i © ¥ij o k(xij)
i jeli
which produces a finite quantum orchestra (as the disjoint union of the J; is finite).
Although we know the form that finite quantum orchestras take, it can be hard to utilise this to

define operations on them, as their decompositions may not be unique. However, functions can be
defined this way if they satisfy certain conditions.

Proposition 44. Let F : W* — W™ be a functor such that the maps on morphisms are additive. Then,
there are functions F;%X :Qi(A, B, X) = Q¢(F(A),F(RB),X) given by:

Z S(xi, §i) Z 8(xi, F(¢1))

These maps form a natural transformation.
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Proor. Suppose & € Qs(H, B, X) and that there are decompositions:
Z O(xi i) =& = Z 5(xj,s 45;)
iel JjeJ
Then we must show that:

D 8(xi F($i) = D 8(x), F(¢))

iel JjeJ
Now let S be the (finite) set {x; | i € I} U {x} | j € J}. Then:

D 8 F(gi) =D > 8(x (i)

iel xeS iel
Xi=X

D 5(x, >, F(¢,~>)
x€S ie_Ix

g3

xX€S iel
Xi=X

Similarly we have:

S s P = Y 5(’“” ( 2 ¢3'))

jeJ xes jeJ
x}.:x

and so it is sufficient to show that for all x € S that:

2 6= 0,4

iel jej
Xi=xX xh=x
J

Suppose for contradiction that this doesn’t hold, and let x € S be maximal such that this equality
doesn’t hold. Then consider the set:

Ozﬂsﬁ where s%_:{yeX|yj<_s}

S€S

xfs
O is a Scott open subset of X: it is a finite intersection of sets of the form S¢ which are all upwards
closed, asif y £ s and y’ > y then certainly y’ £ s, and inaccessible from below, as if D is directed
with D N S¢ then s is an upper bound for D and so sup D < s, so is not in Sg¢- Further y € O if and
only if x < y: if x £ y then Yg 2 O and so y ¢ O. By construction x € O as x € S¢ when x £ s,
and so y € O for y > x as O is upwards closed.

Then let k = 1o, the indicator function on the set O, which is continuous as O is open. Then:

b = ) 8 g = ) diok(x) = ) ¢

iel
Xi>Xx

and similarly:

Ge= > ¢

&l
L>
X] =X
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However, by maximality of x we have that:

2, 4=2,9,

iel JjeJ
Xi>x ' >x
=
and so:
— ’
§ $i = E o
iel jeJ
Xi=X x’.:x
J

contradicting the construction of x.
To show F' is a natural transformation we need the following to commute:

Qi (A, B, X) ﬂ) Q(F(A), F(AB),X)
Q($0.f) Q(F($).F().f)
l d B Y l

Qi (A, RB',Y) —— Q(F(A'),F(H'),Y)
For ¢ € W*(A, "),y € W*(RB', RB), f : DCPO(X, Y). Taking some decomposition:
D 80xi, xi) € Qe(l, B, X)

we get:

Qi (F($),F(y), f)( d%x(z5(xi’ )(i))) = Qf(F(¢)>F(¢)sf)( Z 5(xi,F(Xi)))
= Z 8(f(x:), F(¢) o F(xi) o F(¥))
= Z&(f(xz‘),F(sf’ o xioy))

Fyy (Za(f(x» boxiov)

= | @00 X 005000

And so F' is natural. ]

Hence, all the operations of the monad preserve the finiteness of quantum orchestras. Of course,
the set of finite quantum orchestras on a (non-finite) depo is not itself a depo, and so @ it not itself
a monad. We can however study the order structure on this set.

Lemma 45. Ifx <y and ® < ¥, then §(x, ®) < §(y, ¥). Conversely, if §(x,®) < §(y, ¥) then® < ¥
and if ® # 0 thenx < y.

Proor. Suppose x < y and ® < V. Then for all k:
S(x, B) = Do k(x) < ¥ o k(y) =55 ¥)

as composition of channels is monotone. Conversely assume §(x, ®) < §(y, ¥). Then let k be the
continuation such that k(z) = id for all z. Then:

®=Dok(x)=8(x,®) <5y, ¥) =¥ ok(y) =¥
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Now consider k such that:

0 otherwise

k() = {id ifz¢y

Then §(y, ¥)x = 0, hence §(x, ®) = 0 and so either ® =0 or x < y. O

Despite the relative simplicity of the order structure on Dirac quantum orchestras, the story for
finite quantum orchestras is far less trivial. We conjecture that, for finite £ and & with £ < &, one
can realise this inequality as a finite sequence of inequalities from Lemma 45 on a single Dirac
orchestra. A corresponding theorem is for classical valuations can be proved using the max-flow
min-cut theorem (see [24]), but this theorem depends on the lattice structure of the real numbers,
and does not hold for quantum channels. Despite the proof not generalising, we have found no
counterexample to this statement, and it is unclear if it holds. For a detailed discussion of the link
between orchestras and valuations, see Appendix D.

D Comparison to the Probabilistic Powerdomain Monad

The goal of this section is to clarify the relation of the quantum orchestra monad with the proba-
bilistic powerdomain monad. To this end, recall that the probabilistic powerdomain monad assigns
to a dcpo X the set of valuations on X, denoted V (X).

Definition 46 (Scalar-valued valuations [24]). Let X be a topological space, and O(X) its complete
lattice of open subsets. A function v : O(X) — [0, 1] is a (scalar-valued) valuation if and only if it is
monotone, ie., v(U) <o(V) forallU C V,

strict, i.e., v(0) =0,

modular, e, o(U) +0(V) =0(UUV) +0(UNV),

continuous, ie., for any directed set {U, } e of open sets, it holds that

Jo

A

Theorem 47 ([24]). Let X be a dcpo. Then, V(X)) is the set of (scalar-valued) valuations on X with
the Scott topology, ordered by:

v<w o o) <w(U) YU € O(X).

v =supo (U)).
A

Also, V(X)) is a pointed dcpo with directed suprema defined pointwise and the zero valuation as its
least element. Finally, V is a monad on DCPO, called the probabilistic powerdomain monad, with
the unitex : X — V(X) given by

1, ifxeU,
U) =
ex()(U) {O, otherwise.
and the Kleisli extension f¥ : V(X) — V(Y) for continuous functions f : X — V(Y) given by
Fom = [ femas
X€

Note that the notion of valuation can be generalised almost verbatim from scalar-valued to
W* (%, o )-valued maps as follows.

Definition 48 (W* (%, &/)-valued valuations). Let o/, % € W*, X be a topological space, and
O(X) its complete lattice of open subsets. A function v : O(X) — W*(%, ) is called a valuation
if and only if it is
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monotone, ie, v(U) <o(V) forallU C V,

strict, i.e., v(0) =0,

modular, e, o(U) +0(V) =0(UUV) +0(UNV),

continuous, ie., for any directed set {U, }1ea of open sets, it holds that

Ju

A

By identifying W*(C, C) with the real interval [0, 1], W*(C, C)-valued valuations are in fact
scalar-valued valuations.

0

=supo (U)).
A

D.1 Mapping orchestras to valuations

Let now X € DCPO. We note that any quantum orchestra & € Q(«, %, X) restricts toa W* (%, o )-
valued valuation o¢ by taking

U§(U) = &1y,
where 1y is the indicator function X — W*(%, &):

idg, ifxeU,
1y(x) =
u(x) {0, otherwise.

The continuity of 1y corresponds directly to U being a Scott-open subset of X. By the subconvexity
property of £, we obtain

0t (0) =&y, =& =0

and

1 1
Ug(U uv) + U§(U NV) =&igor + E1gay =2 (Eglluuv + Egllumv) = Zgéﬂz/u\ﬁ%lunv = 2§%1U+%]1V

1 1
=2 (EgﬂU + 55“) =&y + &1, =05 (U) +05(V).
By monotonicity we immediately have for U C V that

¥ (U) =&, < &, =05 (V),

and by continuity we get that if {U, } ¢ is a directed set of open subsets, then it also follows that

Jo

A

:Ug

>

Sl;pl)g(Ul) = Sl;p gllu/1 = gsupll 1u, = §1UA Uy

and so 0% is a valuation. The pointwise order or quantum orchestras immediately implies for
orchestras ¢, { € Q(, %, X) that

E<! = YUeOX):&,<b, = o <o,

and thus the mapping & — 0% is a monotone mapping from orchestras to valuations.

While we have obtained a monotone mapping from orchestras to valuations in this way;, it
is not immediately clear whether this mapping is injective in the general case. The difficulty in
showing injectivity lies in the absence of an existing non-commutative integration theory for
W* (%, of)-valued valuations. We leave this question for future exploration, and subsequently
focus on the scalar-valued case, in which a well-developed integration theory exists [24].
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D.2 The scalar-valued case

Now consider the (non-parameterised) monad obtained as Q(C, C, —). By the arguments from
Section D.1, every orchestra £ € Q(C,C, ) gives rise to a scalar-valued valuation v¢ : O(X) —
[0, 1], where we identified the real interval [0, 1] with W*(C, C). By use of the integration theory
for scalar-valued valuations [24], any such valuation gives rise to a continuous integral of any
continuous function f : X — [0, 1]:

f /fdof.

By the definition of 0%, this integral needs to coincide with the orchestra on indicator functions:

/ lyde? =0 (U) = &1,

and by linearity also on simple functions, i.e., linear combinations of indicator functions. As both
the integral and the orchestra are continuous, they preserve suprema, and the equality extends
to all continuous functions, as all continuous functions can be represented as suprema of simple
functions. We thus record: for all continuous functions f : X — [0, 1], it holds that:

[ raot .

We now proceed to show that in the scalar-valued case, the mapping from orchestras to valuations
is injective. To this end, let £, { € Q(C,C, —) with & # . There then exists a W*-algebra % and a
continuation k € DCPO(X, W*(%#, C)) such that & # (i, where &, i € W*(#,C). There thus
exists some m € W*(C, &) such that & o m # { o m. Define the continuous function

g: X —[0,1], x— k(x)om.

Using the compositionality of orchestras, we conclude that

[ oot =t =tom# dom=g,= [ g,

and thus & # {°. The mapping & + 0¢ is hence injective.
Finally, let A € Q(C, C, X) be directed. Using that scalar-valued valuations form a dcpo [24], it
then follows for all U € O(X) that
sup {0’5 | &€ A} (U) =sup {0§(U) | &€ A} = sup {§1U | €€ A}
= [sup {¢ | £ € A}]y,, = ol UM (),

The mapping & + ¢ is thus also preserving suprema and hence continuous. We summarise these
results in the following proposition.

Proposition 49. For any X € DCPO, there exists an injective, continuous map ax : Q(C,C,X) —
V(X), £+ 0f.

D.3 Mapping scalar-valued valuations to orchestras

Having established that there is an injective, continuous mapping from Q(C, C, X) to the dcpo of
valuations O(X) — [0, 1], we now ask the question whether this mapping is invertible.

To this end, let v : O(X) — [0, 1] be a valuation, let # € W*, and consider a continuation
k € DCPO(X, W*(¥#,C)). As a first step towards constructing an integral of k along v, define

& FT - R, Kr—)/k(lc)dv,
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using that k(k) is always a positive real number for all k € #*. The positive cone #* linearly
spans the full algebra % as every element can be decomposed into a linear combination of four
positive elements. Linearly extending to all of #, we obtain a map £ : # — C. The positivity of
&, is immediate, complete positivity is equivalent to positivity for functionals, and normality of &/
follows from the fact that normality on W*-algebras is equivalent to the preservation of suprema
[9] and the fact that both k and integration along valuations are Scott-continuous. We thus showed
that £ € W*(#,C). As a candidate orchestra, we have obtained &’ = {&} € W*(Z,C) | & €
W*, k € DCPO(X, W*(¥,C))}.

It remains to show that £° is continuous as a mapping k — &, subconvex, and satisfies composi-
tionality. Subconvexity and compositionality are direct consequences of the linear construction
of the candidate orchestra. To prove continuity, let K € DCPO(X, W*(%, C)) be directed. It then
follows for x € #Z* that

:upK(K) = /[supK](K)dv = / sup {k(x) | k € K} dv = sup{/ k(k)do| k € K}
= sup{fz(x) | ke K} = [sup {§£| ke K}] (x),
and thus by linearity that ;’up K =sup {§z | keK } We conclude that &7 is a quantum orchestra.

We have thus constructed a map fx : V(X)) — Q(C,C, X), v — &°.

By construction of fx, it holds that v = ax[fx[v]] for all v € V(X). This implies that ax from
Section D.2 must have been surjective, showing that it is in fact bijective, and S its inverse.

For the final goal to establish an isomorphism between scalar-valued orchestras and valuations
on DCPO it remains to show that this inverse is Scott-continuous.

In order to show monotonicity of the inverse, start with two comparable valuations v, w : O(X) —
[0,1] with o < w. Let &%, £" be the two arising orchestras constructed as above. For any # € W*,
any continuation k € DCPO(X, W*(%#,C)), and xk € Z'*, it holds that

) = [ ko < [ Ko = 700,

and thus £ < £ in the Lowner order for all k, implying that £ < £*. The map By is thus monotone.
To prove the preservation of suprema, let K € V(X) be a directed set of valuations. It then holds
for any & € W*, any continuation k € DCPO(X, W*(%#,(C)), and for any k € # " that

[é«supK]k(K) :/k(K)d[supK] :sup{/k(lc)dl)

:sup{§£(l<)| UGK} = [sup{rf“ veK}] (k) = [sup{&°| v € K} (x),

veK}

using the continuity of the integral in the valuation. It follows that &P = [sup { £ | v € K}], and
thus fx is continuous. This fact implies the next proposition.

Proposition 50. For any X € DCPO, ax is a DCPO-isomorphism Q(C,C, X) — V(X).

D.4 Monad equivalence

We now aim to prove that Q(C,C, —) and V are equivalent. We firstly show that ax forms in fact
a natural isomorphism between the functors Q(C, C, —) and V. To this end, we must show that the
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following diagram commutes for all morphisms f € DCPO(X, Y).

Q(C,C,X) 25 V(X)

Q(CC, f)l lﬂ/ f)

Q(C,C,Y) -2 V(Y)

Let now ¢ € Q(C,C,X) and V € O(Y). Then, by definition, it holds that
[ay e Q(C,C, f)(O] (V) =Q(C.C, /)1y = Erxav(rx) =1,
=ax(&)(f7H(V) = [V(f) o ax(H)] (V),

which shows that the diagram indeed commutes, proving the naturality of ax and the following
claim.

Proposition 51. Q(C,C, —) and V are functorially equivalent on DCPO.

We proceed with proving the compatibility of the natural transformation ax with the units of
the two monads. To this end, we need to show that the diagram

nex

X — Q(C,C,X)

>
V(X)
commutes. Let x € X for some X € DCPO, and U € O(X). Then it holds that

[ax © nex (x)] (U) = [nex (0)], = Tu(x) = ex (x)(U),

and thus ax is compatible with the units.
To further show that ax is compatible with the multiplications of the two monads, we need to
prove the commutativity of the following diagram:

Q(C,C, V(X))
Q(C,Cax) ay(X)
Q(C,C,Q(C,C X)) — Q(C,C,X) o VX)) < V(V(X))
aQ(ce.x) V(ax)

YV(Q(C,C, X))

To this end, let y € Q(C,C,Q(C,C, X)) and U € O(X). It then holds

[ax o ux (V] (U) = [ux(N]y, = aeery,
but also
[rx @i 0 QECan (0] © = [ g FO @03 2QE.Ca) (1)
ue

= [Q(C.C.ax) (D pupw) = e Ap) 1 (ax ()
= Nefax (O1U) = XA&éyy, -
The equality of these two expressions, together with the naturality of ax, shows that above diagram

commutes, and that the natural isomorphism ax is compatible with the multiplication. All in all,
we arrive at the main result of this section.
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Theorem 52. The monad Q(C,C, —) is isomorphic to the probabilistic powerdomain monad V.

49
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